Some Surprising Properties of
Gauge and Gravity Amplitudes

Parma Summer School
Sept 6, 2011
ZVvi Bern, UCLA

Lecture 2,3: Application of duality between color
and kinematics to UV properties of supergravity.
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| Outline |

In today’s lecture I will show you how the duality between
color and kinematics helps us understand UV properties
of gravity:.



Review of Previous Lecture




| Gravity vs Gauge Theory |

Consider the gravity Lagrangian

flat metric graviton
B 5 - 4 kh o field
Laravity = 5 V=9 B /= 9uv = v 7 Ky
; metric ini
<2 = 327 Crowron Infinite number of

complicated interactions

Non-renormalizable
Compare to Yang-Mills Lagrangian on which QCD is based

Ly = i F2 Only three and four
9° point interactions

Gravity seems so much more complicated than gauge theory.



| Three Vertices |

. b
Standard Feynman diagram approach. 21/>_n£ .
Three-gluon vertex: 1- ¢

1t
V3 = —af " (nuw (k1—k2) ptnwp(k1—k2) utnpu(k1—k2) )

; 2 __ 2 1.2
Three-graviton vertex: ki =Ef —ki 70

G3uavp.oy (K1, k2, k3) =
sym/[ — %Pg(kl - ko uaMusney) — %Pﬁ{]C]_Vk]_ﬁ?)#_aﬂgz}:) + %Pg{kl -~ kanuwmasnoy)
+ Fs(k1 - kanuanuensy) + 2Ps(kiukiyMuanse) — Pa(k1skaumar o) 5
+ Py(k1ok2ymunas) + Pe(kiokiynuwnas) + 2Ps(k1vkaynsunac) VLLLV\;Y

2P3(k1vkoumsenya) — 2FP3(k1 - kanawnsenyu 0
+ 2P3(k1vk2umponya) 5(k1 - konau o)) 1{ P

About 100 terms In three vertex
Naive conclusion: Gravity Is a nasty mess.
Definitely not a good approach.



Simplicity of Gravity Amplitudes

On-shell viewpoint much more powerful.

On-shell three vertices contains all information:

k2 =0
2.b
] y .
gauge theory: a>‘n§ 3 —gf%(nu (k1 — ko), + cyclic)
1%
: 243 . . double copy
gravity: vy Ok — k), +ovelic)  of vang mills
o X (Naz(k1 — k2)y + cyclic) vertex.
7

 Using modern on-shell methods, any gravity scattering
amplitude constructible solely from on-shell 3 vertices.
BCFW recursion for trees, BDDK unitarity method for loops.

* Higher-point vertices irrelevant!



| Gravity vs Gauge Theory |

Consider the gravity Lagrangian — flat metric

graviton
“ field
Lgravity = 5V —9 It /"gW = Nuv + Khy
metric :
2 __
— 327 GNewton Infinite number of irrelevant

interactions!

LLL\M F oo Simple relation

o to gauge theory

Compare to Yang-Mills Lagrangian
Lym = i 2 Only three-point
g2 Interactions needed

no
Gravity seems S’;maf\ﬁmore complicated than gauge theory.



Duality Between Color and Kinematics \

ZB, Carrasco, Johansson (BCJ)

couplin momentum dependent 2, b
consta ‘% ~~ gbc(::olor factor ,— kinematic factor a}""ﬂf 3
—gf*(nuw (k1 — ko), + cyclic) ¥

Color factors based on a Lie algebra: [T%, T%] = 4 fo%¢T°

JaCObl Ident|ty f&l&gb ba,4a3 _1_ Jca4a2b ba3a1 _I_ fa,4a,1bfba,2a3 — 0

Use 1=s/s=t/t=ulu
H % to assign 4-point diagram
to others.
nscs - Gy nuCu s=(k1+k2)? = _ (k1 + ks)2

tree __ |
A g S | t | U t = (k1 + kq)?

Color factors satisfy Jacobi identity: Cu = Cs — &

Numerator factors satisfy similar identity: |ny = ns — 1y
Color and kinematics satisfy the same identity




Duality Between Color and Kinematics

Consider five-point tree amplitude: ZB, Carrasco, Johansson (BCJ)
color factor
15 ~— kinematic numerator factor

cC;n
Agee = 3 A0

i=1 Hoez PZ — Feynman propagators

L

= fa3a4bfbascfca1a2’ Cy = fa3a4bfbagc]cca1a5’ s = fa3a4bfbalcfca2a5

ni~ kg -ksko-c1ep €364 -5+ ---

ci—cr+c3=0 < ny—ng+n3 =0

Claim: At n-points we can always find a rearrangement so color and
kinematics satisfy the same algebraic constraint equations.

Nontrivial constraints on amplitudes in field theory and string theory

BCJ, Bjerrum-Bohr, Feng,Damgaard, Vanhove, ; Mafra, Stieberger, Schlotterer;
Tye and Zhang; Feng, Huang, Jia; Chen, Du, Feng; Du, Feng, Fu; Naculich, Nastase, Schnitzer 9



et | Gravity and Gauge Theory |
kinematic numerator —-\ /- color factor

9 Mti Ci diagrams
gauge tree(1 9 3 ) = L™ sum over diagra
theory: g™~ QA ({1, | Z [[, p2  withonly 3 vertices

c; ~ fa1a2b1 fb1b2a5fb2a,4a5

Assume we have:
ci+co+c3=0 & ny+ne+ng=>0 >_‘_<

Then: ¢; = n; kinematic numerator of second gauge theory

Proof: ZB, Dennen, Huang, Kiermaier

gravity: 2\ "7 T
—1 | — (1,2, ..., -
: (h‘.) My (1,2, Z Hafﬁ Pa,;

Gravity numerators are a double copy of gauge-theory ones.
This works for ordinary Einstein gravity and susy versions.

Cries out for a unified description of the sort given by string theory!

10



‘ Duality for BLG Theory ‘

BLG based on a 3 algebra
[Ta, Tbj TC] _ fabchd

Bagger,Lambert,Gustavsson (BLG)
D = 3 Chern-Simons gauge theory
Four-term color identity:

actor I >€< /é< \% imeretor
factors // numerators

Cg :ct—|—cu—|—cv insznt—knu—kny
Such numerators explicitly found at 6 points.

] Bargheer, He, and McLoughlin
What is the double copy?

Explicit check at 4 and 6 points shows it Is the Egg,
N = 16 supergravity of Marcus and Schwarz. Very non-trivial!

A hidden 3 algebra structure exists in this supergravity. 3



Bern, Dixon, Dunbar and Kosower (1998)

Unitarity Method: Rewrite of QFT ‘
/on-shell

Two-particle cut: :
P Systematic assembly of

complete amplitudes from
cuts for any number of

Three-particle cut: particles or loops.

Generalized P
unitarity as a :Q:m Nt
practical tool: S

Bern, Dixon and Kosower

Britto, Cachazo and Feng; Forde;
Ossala, Pittau, Papadopolous, and many others Now a standard tool

complex momenta
to solve cuts

Britto, Cachazo and Feng

Different cuts merged
to give an expression
with correct cuts in all
channels.

Discussed by Zoltan

12



| Loop-Level Generalization |

ZB, Carrasco, Johansson (2010) /'

\/ < \ / ¢i+cj+c =0
A £ / \ n; +nj+ni =0
sum is over kinematic N
diagrams numerator color factor

- 00 d 4J
:r(t ;+2LAI b= Z/H =)?Tp£ S; Hﬂ; :

gauge theory

L propagators

9

‘ ravi
(h/ )n 22k )?T D S HQJ p%ﬁj gravity
\symmetry
factor

Loop-level conjecture is identical to tree-level one except

for symmetry factors and loop integration.

Double copy works if numerator satisfies duality. e



s | Generalized Gauge Invariance |

ZB, Dennen, Huang, Kiermaier
Tye and Zhang

- Aloop Z/ dDL 1;C;
gauge theory gm 2+2L o DLS 1. p?

Q; po‘j

dDLp 1 Ase

Otjp(,‘tj

(Ca_I‘Cﬁ"_C’Y)f( ) =0
Above is just a definition of generallzed gauge Invariance

_E')L—H

_ (—i oo dPp; n;n
gravty  Gaem = 3 [ g

o P2,
/ dDLp 1 A,
S T

J &y O‘J

 Gravity inherits generalized gauge invariance from gauge theory!
* Double copy works even if only one of the two copies has duality

manifest!
14



Generalized Gauge Invariance

» Generalized gauge invariance means symmetries of gauge theory
Inherited by gravity.

* If we see a UV cancellation in a gauge theory we should expect
a corresponding cancellation in gravity.

15



| Nonplanar is Locked to Planar |

ZB, Carrasco, Johansson
Generally, planar is simpler than non-planar. Can we

obtain non-planar from planar? The answer is yes!
’ P ! : " Numerators satisfy identities
s >—< - similar to color Jacobi identities.
1 4 1 4 1 1
AN ~

Numerator relations

r = e . Planar gives nonplanar.

Interlocking set of equations restrict numerators

Gives us hope that once we solve planar N=4 sYM we

will be able to do the same for non-planar! e



BC] | Gravity integrands are free! |

Ideas generalize to loops:

’

/

Cp — C; — Cy
nkzni—nj

If you have a set of duality satisfying numerators.

To get:

gauge theory — gravity theory

simply take

color factor —» kinematic numerator

Gravity loop integrands are trivial to obtain!

17



| Three loop N = 4 sYM |

ZB, Carrasco, Johansson (2010) N = 4 super-Yang-Mills integrand
2 3 2 /3 2
7 7
X X
I ) A T R () I S U () B
2 3 2 3
2\ d //3 h
X X 1-
7/ N 2 >
1 .
(d) 17 (o) 4 17 () 4
2 3 2 3 2 /3
- 16 :
2 A :
; /
\ ) -
o VR owm o
5 3 9 3 3

(k) ™4 oo 0



N(e) kla k?a kBJ l5a l?a lﬁ
N (ky, ko, ks, 15,1, 17

N(g) kla k?: kSa l5a lGa l7

| One diagram to rule them all |

* These are numerator Jacobi relations.

(k17k2;k31l51l67l7) . .
* One-loop triangle subdiagrams
Doy, ko, ks, 15, 1o, Ir) vanish in N = 4 sYM so many numerators
a)(k k27k33157l61l7)7 Slmply VaniSh
(/f ki, koo l7, lg, ks — U5+ 1 — I7) + N(h)(ks, ko, ki, bz, gy kos + 15 — 17)
9)(k. k?; kﬁ: l57 l67 l?) 5

NE)(klakQakS:lf)alGalT)a
_N(g)(klvk27 k?n l5a lﬁv k] 2 l5 - l?) - N(j)(kllla k37 k?; l6 - l57l5 - lﬁ + l7 - kl,?; lﬁ) )

N(e k“g, kQ, kh _k4 - 15 - lﬁa _lﬁ - l7a lﬁ) )
N(e)(kQ;klakSaZSal()'al?)?

( ) — N
( ) —

N(f)(k'l, ]CQ, kg, l5, 261 l?) j\[(f (kQ; kla kBa l5a lﬁa l7) 3
( ) —

N (ky, ki, ks, Is, s, 1)

All numerators solved in terms of numerator (e) 19



One diagram to rule them all

ZB, Carrasco, Johansson (2010) N = 4 super-Yang-Mills integrand

Diagram (e)
IS the master
diagram.

Determine the
master numerator
In proper form
and duality

gives all others.

N = 8 sugra given
by double copy.

20




\ Explicit Three-Loop Check for Maximal Susy \

ZB, Carrasco, Johansson (2010)

2 3 2 3 2 .
1 (a) 4 1 (l)) 4 1 (C) 4

3
5 5 2 3 2\

XX | /E/\ N=4 sYM theory.

N %

X [ 1]
5

C; = Cj —Cp = Ny =Nj — Nk

Only 12 diagrams contribute.

\c‘s
(2

Integral 1®*)| A = 4 Super-Yang-Mills (/N = 8 supergravity ) numerator

(a)—(d) s?
(e)(g) (s(=7as +7as +1) —t (o5 +7as) +u(res +735) —s?)/3 | o Duallty works!
(h) (s(2m15 — T16 + 2726 — Tor + 2735 + 736 + Tar — u)
+t (T16 + T26 — Tar + 2736 — 2715 — 2727 — 2735 — 3717) + 52 )/3|| @ DOUbIe Copy WorkS!
(i) (S (—T25 — T26 — T35 + T36 + Tas + 2t)

+t (128 +T35-|—2T35—|—?T45-|—3T45)—|—-u.'r25—|—52)/3 ¢ N — 8 SupergraVity iS

(3)-(1) s(t—u)/3 free 21



N =4sYM Four Loops \

O - B

(80)

A B

PG EHETY GHE
lond QBB

HR D SPHDH
T LN N A
00‘04%%%
POTF e 66
I”lﬂb‘l '\bl \/ YN e ey
< F¢ DEHEHD
=R SO BRBER

.
7
/H\

2 .
l .




Application: UV Properties of Gravity

23



| Power Counting at High Loop Orders |

K = \/327TGN «<— Dimensionful coupling

oV

K

v p‘\\\{z‘ / - dpz (Iﬁ:pjp])
Gravity: — (27r)D propagators

Gauge theory: / ﬁ d"p;  (9P§) -
(27r)D propagators

Extra powers of loop momenta in numerator
means integrals are badly behaved in the UV.

Non-renormalizable by power counting.

Reasons to focus on extended supergravity:
« With more susy expect better UV properties.
« High symmetry implies technical simplicity.

24



Finiteness of N = 8 Supergravity?

We are interested in UV finiteness of N = 8
supergravity because it would imply a new symmetry
or non-trivial dynamical mechanism. No known
symmetry can render a UV theory finite.

The discovery of either would have a fundamental
Impact on our understanding of gravity.

Note: Perturbative finiteness is not the only Issue for
consistent gravity: Nonperturbative completions? High
energy behavior of theory? Realistic models?

25



| N=8 Supergravity No-Triangle Propert\d

ZB, Dixon, Perelstein, Rozowsky; ZB, Bjerrum-Bohr and Dunbar; Bjerrum-Bohr, Dunbar, Ita, Perkins,
Risager; Proofs by Bjerrum-Bohr and VVanhove; Arkani-Hamed, Cachazo and Kaplan.

One-loop D = 4 theorem: Any one loop amplitude is a linear

combination of scalar box, triangle and bubble integrals with
rational coefficients: Brown, Feynman; Passarino and \Veltman, etc

Al-toop — 57 g7 4 5™ e r$D 4 S Y

d
f( 2)4 (p2) f( 2)2

* In N =4 Yang-Mills only box integrals appear. No triangle integrals
and no bubble integrals.

* The “no-triangle property” is the statement that same holds in N = 8
supergravity. Non-trivial constraint on analytic form of amplitudes.

 Unordered nature of gravity is important for this Eropertyh | h26
jerrum-Bohr and Vanhove



| N =8 L-Loop UV Cancellations |

ZB, Dixon, Roiban

2 3 [(k1 + kp)?)2(L—2)
. numerator factor
From 2 particle cut: linN=ayMm  L-particle cut
2N\ 3 . 2 3
i [(1 4 k4)?]2(L=2) =
: numerator factor

17 4 a
« Numerator violates one-loop “no-triangle” property.
» Too many powers of loop momentum in one-loop subamplitude.
o After cancellations behavior is same as in N = 4 Yang-Mills!

4

« UV cancellation exist to all loop orders! (not a proof of finiteness)

 These all-loop cancellations not explained by supersymmetry
alone.

» EXxistence of these cancellations drive our calculations! ”



| Origin of Cancellations? |

There does not appear to be a supersymmetry
explanation for observed cancellations, especially as
the loop order increases.

If It IS not supersymmetry what might it be?

28



| Where is First Potential UV Divergence in D= 4 N = 8 Sugra?

Various opinions, pointing to divergences over the years:

3loops | Superspace power counting Deser, Kay (1978)
Green, Schwarz, Brink (1982)
Howe and Stelle (1989)
Marcus and Sagnotti (1985), etc
5loops | Partial analysis of unitarity cuts; If A= 6 harmonic Bern, Dixon, Dunbar,
superspace exists; algebraic renormalisation argument | Perelstein, Rozowsky (1998)
Howe and Stelle (2003,2009)
6loops | If W=7 harmonic superspace exists Howe and Stelle (2003)

If offshell V=8 superspace exists;
lightcone gauge locality arguments;

Algebraic renormalization arguments;
E77 Symmetry.

Grisaru and Siegel (1982);

Howe, Stelle and Bossard (2009)
Vanhove; Bjornsson, Green (2010)
Kiermaier, Elvang, Freedman(2010)
Ramond, Kallosh (2010);

Biesert, et al (2010

8 loops | Explicit identification of potential susy invariant Kallosh; Howe and Lindstrom
counterterm with full non-linear susy and duality. (1981)
9loops | Assumes Berkovits’ superstring non-renormalization

theorems carries over to D=4 = 8 supergravity and
extrapolates to 9 loops.

Green, Russo, Vanhove (2006)
(retracted)

No divergences demonstrated above. Arguments based on lack of symmetry
protection. An unaccounted symmetry can make the theory finite.

To end debate we need solid calculations. 29




Opinions from the 80’s

Supergravity well studied in the late 70’s and 80°’s

Unfortunately, in the absence of further mechanisms for
cancellation, the analogous N = 8 D = 4 supergravity theory

would seem set to diverge at the three-loop order.
Howe, Stelle (1984)

It is therefore very likely that all supergravity theories will
diverge at three loops in four dimensions. ... The final word

on these issues may have to await further explicit
calculations. Marcus, Sagnotti (1985)

The idea that all supergravity theories diverge (at three
loops) has been widely accepted for over 25 years

% R4 was expected counterterm 30



Today’s opinions

Go around the room and ask the professors if N = 8 sugra can be
UV finite.

You will get responses along the lines of:

» “That’s crazy” (Ask Tom Banks)
> “These people are wasting their time”

> “I’ll believe it when I see a proof I trust”

> “It may be interesting but it can’t be finite”

Question: How should one argue with a roomful of people
who think you are wrong?

31



Answer: “Shut Up and Calculate!”

Here I will show you how the duality and double copy allows
us to do the seemingly impossible calculations to settle the question
of UV properties in quantum gravity.

32



Feynman Diagrams for Gravity

Suppose we want to check if opinions are true

using Feynman digrams

. Has never bgen
3Ioop{ﬁ: ;Ig-F?MS calculated via
Feynman
diagrams.

4 loops ~1026
TERMS
Five loops is
~1031
5 loops 10 currently the
TERMS )
crucially needed

computation

— Calculations to settle
this seemed utterly
hopeless!

— Seemed destined for
dustbin of undecidable
guestions.



‘ Unitarity Method + Double Copy

Z B, John Joseph Carrasco, David Kosower, Lance Dixon, Henrik Johansson, Radu Roiban

For N = 8 supergravity.

~10
3 loops }:g: TERMS Can do 3 loops on the blackboard!

4 loops ~102 |
gﬁj Badl Much more manageable!
~103
5 loops %\’ rervs  (Not yet complete)




Supergravity Is Back!

Some recent work on UV properties:

» Powerful new tools: Unitarity method. Instead of debating we

calculate! ZB, Dixon, Dunbar, Kosower (BDDK); ZB, Dixon, Dunbar, Perelstein, Rozowsky;
ZB, Carrasco, Johansson, Kosower

* Double copy of gravity in terms of gauge theory.

Kawai, Lewellen, Tye; ZB, Carrasco, Johansson (BCJ)

« String dualities restrict supergravity divergences.
Green, Vanhove, Russo

* Field theory versions of string theory used to explore divergences
(Berkovits pure spinors). Bekovits, Green, Vanhove, Russo; Bjornsson and Green

* Better understanding of symmetries.

Arkani-Hamed, Cachazo, Kaplan; Bossard, Howe, Stelle; Beisert, Elvang, Freedman, Kiermaier,

Stieberger; Kallosh, Ramond; Bossard, Nicolia; Kallosh
35



| Complete Three-Loop Result |

ZB, Carrasco, Dixon, Johansson, Kosower, Roiban; hep-th/0702112
ZB, Carrasco, Dixon, Johansson, Roiban arXiv:0808.4112 [hep-th]

Obtained via on-shell unitarity method:

2 3 2 3

/ ppp— ke
- 4
N

—

—
o

—
i

1 (b} 4
2\ /3

DN /\/\ X\ Three loops is not only
1 id) 4

Lo S ~ultraviolet finite it is
Q : /{ “superfinite”— finite for
_ _ ‘ D < 6.
1 6 4 1 ¢ 4 1 6 \4
(e) (f) (g)

(S(TQG + T35) +t(7_15 4 7-25) + St:lQ

d T e All UV cancellations exposed

+(82(T26 + T36) — 1‘2(?'15 + To5) )(Ta7 + Tos + Ta0 + Ta.10) -
+52(T17Tas + TagTa10) + t2(TosTag + T177a.10) 74" 10 man ifestly
+'U2(’T1?T39 + TosT4.10)
1 [h]l 4
2 3
(ST45 — t'ﬂiﬁ)g — TQ?(82T45 + 1‘-2?—46) 2 6
—715(82 747 + ulry6) — Ta6(t2Ta7 + UTys) . ] ]
HESt + st? — Listu ys No UV divergence in sight.
Yoo 36



A More Recent Opinion \

Back in 2009 Bossard, Howe and Stelle had a look at
the question of finiteness in supergravity

At the time, best available understanding of symmetries:

In particular ... suggest that maximal supergravity is likely to
diverge at four loops in D =5 and at five loopsinD =4 ...

Bossard, Howe, Stelle (2009)

Bottles of wine were at stake!




Four-Loop Construction

ZB, Carrasco, Dixon, Johansson, Roiban /\ numerator

Ni(l5,k;)
A / dP11dPl5dPlsdP 1, Lo
I35 TG IR I8 1515015, 51

Determine numerators
from 2906 maximal and
near maximal cuts

‘.
Completeness o l Iﬁl
expression confirmed -

cuts sufficient for

obtaining the complete

eEXPression
11 most compllcated cuts shown

Today with BCJ it is trivial to construct the amplitude, but this is
the way we prove it to be correct.

38



Four-Loop Amplitude Construction

ZB, Carrasco, Dixon, Johansson, Roiban

Get 50 distinct diagrams or integrals (ones with two- or
three-point subdiagrams not needed).

2 3 2

1 4 1 678
1 I 4 I
25 32 50

- K\ 10
M;l loop _ (E) St’U,Miree Z Z CZI ~— Integral
Sy i=1 TN\ symmetry factor

leg perms

UV finite for D < 11/2
It’s very finite!
Originally took more than a year.

Double copy discovered by doing this calculation!
Today with the double copy we can reproduce it in a few days!

39



Recent Status of Divergences

Consensus that in N = 8 supergravity trouble starts at 5 loops
and by 7 loops we have valid UV countertermin D =4

under all known symmetries (suggesting divergences) .
Bossard, Howe, Stelle; Elvang, Freedman, Kiermaier; Green, Russo, Vanhove ; Green and Bjornsson ;
Bossard , Hillmann and Nicolai; Ramond and Kallosh; Broedel and Dixon; Elvang and Kiermaier;
Beisert, Elvang, Freedman, Kiermaier, Morales, Stieberger

For N =8sugrain D = 4: —1 1
* All counterterms ruled out until 7 loops!

« But D8R* apparently available at 7 loops (1/8 BPS) under all
known symmetries. (No known nonrenormalization theorem)

Bossard, Howe, Stelle and VVanhove

Based on this a reasonable person would conclude that N=8

supergravity almost certainly diverges at 7 loops in D=4
40



N =8 Sugra 5 Loop Calculation

ZB, Carrasco, Dixon, Johannson, Roiban

~500 such diagrams with ~100s terms each

Place your bets:

e At 5 loops in D = 24/5 does
N = 8 supergravity diverge?
*At 7 loops in D =4 does

N = 8 supergravity diverge?  Kelly Stelle: Zvi Bern:
British wine California wine

“It will diverge” “It won’t diverge”
41




N =8 Sugra 5 Loop Calculation

ZB, Carrasco, Dixon, Johannson, Roiban

~500 such diagrams with ~100s terms each

Place your bets:

e At 5 loops in D = 24/5 does
N = 8 supergravity diverge?
*At 7 loops in D =4 does

N = 8 supergravity diverge? David Gross: Zvi Bern:
Californiawine  California wine
“It will diverge” “It won’t diverge”
42




Calculation of N =4 sYM 5 Loop Amplitude

Key step for N = 8 supergravity is construction of

complete nonplanar 5 loop integrand of N = 4
sYM theory. This is now finished but still need to find BCJ

form).
416 such diagrams with ~1000s terms each

ZB, Carrasco, Johansson, Roiban (2012)

We are well on our way to calculate the UV properties
of N = 8 supergravity at five loops.

43



Half-Maximal Supergravity

Fine, but do you have any example where a divergence
vanishes but for which there is no apparant symmetry
explanation?

Yes, half maximal (16 supercharge) supergravity:
«2loopsinD =5
*3loopsinD =4

a4



| Half Maximal Supergravity inD >4 |

5 9 ZB, Davies, Dennen, Huang
2 3 2 3
X
1 , 1 4 1 4

No surpr.is_es at one loop: Very instructive to understand from
* Finitefor D <8 double-copy vantage point
 R* divergenceinD =8
« F4four-matter multiplet amplitude diverges in D =4 -

A two-loop surprise:

« Finite in D =5 with seemingly valid R* counterterm.

A three loop surprise:
* Finite for D =4 with seemingly valid R* counterterm.

We now go through these examples 45



| One-Loop Warmup in Half-Maximal sugra

' " ZB, Davies, D H
Generic color decomposition: avies, ennen, mhang

A = ig?[eaAD (1,23, + AP (1.3.4.2) + BAD(1,0,2.3)

2 3
Q = # supercharges Q =0 is pure non-susy YM
To get Q +16 supergravity take 2" copy N =4 sYM
N =4 sYM numerators independent of loop momenta , | |

111234 — 101342 — 111423 — StAtriem(l 2, 3. 4) (31234 — MN1234
MO (B spae (1,93 440 0(1,2,3,4) + AS(1,3,4,2) + 45)(1,4,2,3)
Q+16 — 9 Q=16\"» <> y Sy Q ) My Q ) Ty &y

Note exactly the same combination as in U(1) decoupling
Identity.

46



| One-loop divergences in pure YM

Go to a basis of color factors: ~ ~° D2V'e Dennen Fuang :
(0 (0) Cpr=2N,
by hAnd by - tree color tensors for SU(N,)
piY) . independent 1 loop color tensor e

Ay = ig! [bg” (A5)(1,2.3.4) + A))(1.3,4,2) + AJ(1,4.2.3))

_ _oAb(O A57(1,3,4,2) — —CAb TAY(1,4,2 3)]
Q supercharges (malnly Interested in Q = O)

D = 4 F? counterterm: 1-loop color tensor not allowed.
D = 6 3 counterterm: 1-loop color tensor not allowed.

FS _ facha'uyFbyaFca,u ) < X
(a) (b)

A (1,2,3,4) + AY(1,3,4,2) + Ay (1,4,2,3)] =0

div.

47



| One-Loop Warmup in Half-Maximal Sugra\

ZB, Davies, Dennen, Huang

4
M5 6 :z(g> stAD o (1,2,3,4)| AY(1,2,3,4) + AY)(1,3,4, 2>+Ag><1,4,2,3>]

2 3

Cases where one-loop color tensor appear.
These give supergravity divergences.

1 4

D=8 lcabchaqubMaFcangu Cabcd _ faeje fb €oe3 fce384 fd ele1
p =

one-loop color tensor allowed so no cancellations

F* YM divergence «——— R*sugra divergence
D = 4 with matter: lcabcdqﬁaqsb(/)c(pd
€

¢ YM divergence <«——— F* matter sugra diverge

(shown long ago by Fischler)
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| Two loop half maximal sugrainD =5 |

2 3 2 3 ZB, Davies, Dennen, Huang
1 4 1 4
Ag) = —g" [Cf234AP(17273 4) + c3un A (3,4,2,1)

+ e An (1,2,3,4) + ey Ap(3,4,2,1) + cyclic}

D =5 F3 counterterm: 1,2-loop color tensors forbidden!

Demand this and plug into double copy: >_< ><
1) Go to color basis.

() (b)
2) Demand no forbidden color tensors in pure YM divegence.

3) Plug into the BCJ double copy formula.

2 ‘
MSG)JFQ(L 2, 3?4)‘D:5div. =0

Half maximal supergravity four-point divergence vanishes

because forbidden color tensor cancels in pure YM theory .



| Half Maximal SupergravityinD =5 |

INn a bit more detail: ZB, Davies, Dennen, Huang
1gzjﬁuge AS = —¢f [c{’234A5(1 2,3,4) + chp AD(3,4,2,1)
eory

+ NBLANP(1,2,3,4) + A5, ANP(3,4,2,1) + Cychc}

N K’ ree
gravity Mok = —z(g) stABe 6(1,2,3,4) {3(/18”(1,2,3,4)+Agp)(1,2,3,4)
-+A$K&¢2J)+A$”CL¢11U4wwdm]
Equations that eliminate forbidden 2 loop color tensor:
0 = #(Ag(1,3,4,2) + A(1,4,2,3) + A(3,1,4,2) + A5 (3.2, 1, 4)
+ AT (1,3,4,2) + AT(1,4,2,3) + AT (3,1,4,2) + A5"(3,2,1,4)
+5(Ap(1,3,4,2) + A(3,1,4,2) + A5Y(1,3,4,2) + Ay (3,1.4.2))
0 = s(Ap(1,2,3.4) + A(1,3,4,2) + A5(3.1,4,2) + A(3,4,2,1)
+ ANT(1,2,3,4) + AT (1,3,4,2) + AFF(3,1,4,2) + A3 (3,4,2,1))
+H(A(1,3,4,2) + A(3,1,4,2) + AgT(1,3,4,2) + A7 (3, 1.4, 2))
Plug into gravity double copy:
MG(1.23.4)] =0

=5 div. 50
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| A Conjecture |

We can conjecture as well as others:

Conjecture: (Q + 16) supercharge supergravity amplitude are
finite when divergences in corresponding Q supercharge YM
amplitudes carry only tree color tensors.

Corollary: N> 4 supergravity in D = 4 is ultraviolet finite.

Conjecturing is easy. The nontrivial part is to prove (or disprove).

Remains a challenge to prove beyond above 1,2 loop examples
because loop momenta appear in numerators of both copies.

But we still have the power to calculate! .



| Two loops and five points |

Might the above have to do with the special property of no
numerator loop momentum in N =4 sYM? Two-loop five-point

doesn’t have this property.

1 1

3 4 3 4 3
_ pooa ) P : 5 roooq
5 5 5
1
() (f)

3 3 N N
4 4
1 4
2 p q
P q P a

5 5

1 5

(b) (c)

4

Carrasco and Johansson
Give us maximal sYM
in BCJ format.

Half maximal sugra:
Take other copy to be
pure YM Feynman

@ diagrams.
Z) N = 4 Super-Yang-Mills numerator
1 Tip — ka P
(a),(b) 1 (";*12(2845 — S12 + Top — T1p) + Y23(8a5 + 2812 — Top + Tap)
+ 2945 (T8p — Tap) + V13(s12 + Sa5 — Tip + Tf?»p))
(c) %(”1’15(75-;3 — Tip) +Ya5(s12 — Top + Top) + Y12(834 + Top — T1p + 2815 + 2714 — 2Tg)
+ Ya5(Tag — T5q) — Va5(834 — Taq + Tsg) + V34(s12 + Tag — Tag + 2845 + 272y — Qszp)) 52

(d)-(f) V12545 — ﬁ(?‘flz + 713 — ”f’23) 512




| Two loops five points double copy |

Half maximal supergravity: (N=4sYM)x (N=0YM)

N=4sYM
3 , pure YM N =4 sugra quadratic
4 4 divergent
= o KOIB
2 i ~ P 2 F i ~p /(d l) 16
» ¢ \_ P TN\ D=5
1 1
BCJ Feynman
representation representation

 To extract UV expand in small external momenta.

* Integrals have subdivergences which causes complications.
But this was well understood 30 years ago by Vladimirov
and by Marcus and Sagnotti.
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| Five Points Two loops D = 5 half-max sugra |

Evaluation of the integrals gives the UV divergences:

ZB, Davies, Dennen, Huang

Graph (divergence)/(ivyi2€1 - €364 - €5 k1 - €2 512)
(a) —644974+925D5 1
3628802 €
(b) 820641 —149788 D 1
14515202 €
(C) —27555+8116D; 1
806402 €
(d) (20605+912D3 4+ =38+Ds s14 | 655-161D; so3 | —5171—148D, m) 1
537602 2402 513 16802  S13 6720v2  s13 ) ¢
(e) —71986+4511D, 4 9354+6Ds 514 4 —907+4342D s03 4 278594 844Dy s24 | 1
2419202 67202 513 67202  s13 6048012  s13 ) €
(f) —31847-8615D, 4 129-34D; s14 | —1713+302D, 593 | 2335+61Ds $94 ) L
241920+/2 672042 513 67202 813 75602  s13) €

Sum over diagrams vanishes D_: state counting
regularization parameter

* While more complicated we see the same cancellations
as we saw at four points (where no integration required).
* Potential R* and ¢ R* counterterms in D =5 half maximal
supergravity have vanishing coefficients.
« R4 full superspace integral. Seems to be no duality or susy
explanation for vanishing -- see Bossard’s talk.
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‘ N=4 Superg ravrtﬂ ZB, Davies, Dennen, Huang

A no lose calculation:

Either we find first example of a divergence
or once again we show an expected
divergence Is not present!

Motivated by Bossard, Howe, Stelle and Vanhove paper

One year everyone believed that supergravity was finite.

The next year the fashion changed and everyone said that
supergravity was bound to have divergences even though
none had actually been found. — Stephen Hawking, 1994

To this day no one has ever proven that any pure supergravity
divergesin D = 4.
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‘ Th ree-IOOp COnStrUCthn ‘ ZB, Davies, Dennen, Huang

2 3 2

N : N [
AT
’ N ’ * For N =4 sYM copy use
E/\ known BCJ representation.
1 (() 4 1/ (f) 4
2 3 2 /3 ]
Hi E  What representation should
oy e Ty we use for pure YM side?
2 3 2 :3
O OB

Integral 1| A = 4 Super-Yang-Mills (VN = 8 supergravity ) numerator

(a)—(d) 52
(e)(g) (s(—T35 + Tas +1) — (725 + 7a5) +u (725 + 735) — 5° ) /3
(s (2715 — T16 + 2726 — Tor + 2735 + T36 + 737 — ) N=4sYM
+t (T16 + To6 — Tar + 2736 — 2715 — 2727 — 2735 — 3717) + 8° )/3 ]
(s (=725 — T26 — T35 + T36 + Tus + 2t) |nteg I’and

+1 (26 + T35 + 2736 + 2745 + 3746) + uTes + 5~ ) /3

(j)-() st —u)/3 56




| Multiloop N = 4 super-Yang-Mills |

The duality satisfying forms of N=4 sYM amplitudes

One-loop: only box integral contributes.

= (k1 + k2)?
Al x + perms 5=
S} ’ P t = (ka2 + ks3)”
N =4 sYM box \ Scalar box integral.
numerator Same as in ¢ 3 theory

Two loops: only double box integrals contribute.

N\ /
SQtAZreeX ‘ ‘ ‘ 4 SZtAZree XX:[_F perms
7~ N
\ Scalar double-box /
integral. Same as In

¢ theory
Amazing simplicity: “N =4 sYM is hydrogen atom of gauge theory”
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| Multiloop N = 4 supergravity |
N=4sugra: (N=4sYM)Xx (N=0YM)
Does it work? Test at 1, 2 loops All pure supergravities

_ finite at 1,2 loops
One-loop: keep only box Feynman diagrams

0 :
st ALee x +perms = — = finite  gocomes gauge

€
/ Invariant after
N =0 Feynman :
N =4 sYM box \ diagram?/including permutation sum.
numerator ghosts

Two-loop: keep only double box Feynman diagrams
N\ yd
0
s JEL | + s2tAyees XCE] +porms = 2
' N ¢
\ Feynman diagram/
Including ghosts

Get correct results. Who would have imagined
multiloop gravity calculations this simple?




| Three-Loop Construction |

Now apply the construction to three loops.

N=4sugra: (N=4sYM)X(N=0YM)

N=4sYM pure YM N =4 sugra linear

divergent

k710

D1\3

— | ~1-ks*tAyee FI1 o~ (e D4 /(d !) 120
simple to see

BCJ Feynman finite for N=5,6

representation representation sugra

Wil find that N = 4 supergravity better behaved than pure YM.

o s L e i Series expand in
Numerator: k’I° + k8 I8 + finite external momenta k

¥ log divergent and integrate
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Dealing With Subdivergences

The integrals have subdivergences, greatly complicating evaluation

The problem was solve nearly 30 years ago. Marcus, sagnotti (1984)

Recursively subtract all subdivergences. |
reparametrize

regulator dependent subintegral

/ \ l

L L L—-1 L l
/ H dp; I'| = Div / H dp; I] — Z Z Div / H dp; S /H dp; I] ]
i=1 i=1 I=1 l-loop ‘ i=1

— Y= j=I+1
\ subloops /

Regulator Independent

S

Nice consistency check: all log(m) terms must cancel

Extracting UV divergence in the presence of UV subdivergences

and IR divergences is a well understood problem.
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| Integral Basis |

Using FIRE we obtain a basis of integrals:

O

1 1 o[ 3 9 21 3
(m (; + 1+ (1 + 5@'2 e) (m?2)1-2 (262 I o It C.z B 2()
e (L7 67 3 ) L o 2 23 35 1
(m?)1=3 (6—3 + 32T (? + 5(2 — 4(‘) :) (.}?2_2)2—35 4+ o2 + 36 ) -
e 3e2 2 €
—3e [ 2G3
(m*) ™5 (b) ¢ =V3Im (Ll ”-/‘3))

Use Mellin-Barnes resummation of residues method of Davydychev and Kalmykov
on all but last integral. Last one doable by staring at paper from Grozin or
Smirnov’s book (easy because no subdivergences). In paper from Czakon
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| The N = 4 Supergravity UV Cancellation |

ZB, Davies, Dennen, Huang

/
™ A 1 . 2719412 .4 Atrees k8
A\ A Graph | (divergence)/((12)7[34]"stA™(5)")
(a) (b) N (c) (a)-(d)
263 1 205 1 5551 ~ 326317\ 1
(e) 768 €3 + 27648 €2 + (_ 768 G3 + 110592) €
(f) 1751 11 n (593 . 217571) 1
2304 ¢3 = A2 988 53 165888 /) €
11 1 2057 1 10769 226201\ 1
(A (o) () (&) |~z tomea T ( 2304 63 — 165888) €
(¢ (e \I) y (h) 31 41 1 +(3227 . 3329)1
32 3 1536 2 2304 53 18432 ) «
(i) 17 1 29 1 n (_QDSTC 10495 ) 1
— | — 128 3 1024 2 2304 53 110592 ) ¢
. 15 1 9 1 101 3227 1
N . S (7) _EE5“+@?I+(12 3_1152)?
(2) (h) (i) ( 1 89 Lﬁ + (_?ZZCB + ig;) 1

N
N

' k) s + 153 .
() | S —fima+ (-1G+ 55e) «
Individual diagrams gauge dependent

(i) (k) (1) . : :
Sum over diagrams gauge invariant
All divergences cancel completely in sum over diagrams!

Surprise: it’s actually UV finite

Once again we prove that there are more cancellations than expected
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| Summary |

*A new duality conjectured between color and kinematics.

* When duality between color and kinematics manifest, gravity
Integrands follow immediately from gauge-theory ones.

* Double copy gives us a powerful way to explore the UV properties
of gravity theories.

e Surprises, contrary to symmetry considerations:
— Q =16 supergravity in D=5 has no 2-loop 4-point divergences.
— N =4 sugra in D=4 has no 3-loop 4-point divergences.

* Power counting using known symmetries and their known
consequences can be misleading. Concrete example.

« Concrete examples directly linking cancellations of divergences in
forbidden color factor of pure YM to those of half max supergravity

The double copy + unitarity formalism gives us good reasons to
believe that N > 4 pure supergravity theories are UV finite.

More importantly it give us the tools to decisively test this. o
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| Further Reading |

Hermann Nicolai, Physics Viewpoint, “Vanquishing Infinity”
http://physics.aps.org/articles/v2/70

Anthony Zee, Quantum Field Theory in a Nutshell,

2nd Edition is first textbook to contain modern

formulation of scattering and commentary

on new developments. 4 new chapters. P

Z. Bern, L. J. Dixon, D. A. Kosower
May 2012 cover story of Scientific American



http://physics.aps.org/articles/v2/70

Some amusement

YouTube: Search “Big Bang DMV, first hit, 20 sec into the clip
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