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Confinement

!

[linear] growth of static potential

e Definition and properties of static potential

e Understand confinement: what are the relevant d.o.f.?

V R = area law for Wilson loop, ie. disorder

confinement non-perturbative < non-perturbative d.o.f. < topological
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e Defining the static potential
e Numerical methods

e qq Potential and string picture
@ Flux Tube

e String Breaking

@ Large N

@ Baryonic potential

a State of the art
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Defining the static potential

What is the static potential ?

static potential = | groundstate energy of static charges

(“potential” energy of static charges)

e groundstate

e static charges
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Defining the static potential

How to obtain the groundstate

Thanks to imaginary time T = it

Create qq pair with operator O
Amplitude C(t) =< 0|0 T exp(—itH)0|0 >
= (%) < Wilb;) exp(—itH) (3 by |y >)
=Y, |bi|* exp(—itE;) hopeless
Rotate to imaginary time:
— 3 |bil*exp(—1Ei)
T — 00 = |bp|* exp(—T1Ey)
C(1)

i.e. |Eo=Ilim_,—2log g [=Ta
Difficulty: — log % ~ aEp(1+ % exp(—Ta(E1 — Eo))

i.e. want Ta > 1/(Ey — Eo)
Since (see later) E; — Eg ~ 1/Rqg, want elongated R x T loops

1</a<RKT




Defining the static potential

Creating static charges on the lattice

@ Fix gaugeto Ag =0
@ AtT =0, create parallel transporter from x toy: By, = (|‘|>Hy U),
Under local gauge transformation, B,y — Q;(x) B,y Q:(y)
identical to transformation of (g, (x),q, (y))
— pair of opposite color charges in representation r
(other possibilities, but pbc — > g =0 mod N¢)
@ AtT=T, create B;(ry = Byy, ie. annihilate qq pair (same colors)
— amplitude C(x,y,T) = Yap By Jan(T) (Buy )a(0)
@ Average over gauge fields (in Ag = 0 gauge):
(COx,y,T)) = (3 (Wilb;) exp(—TH) (3, by W)
=3, [bi[* exp(~TEj)
@ lim7_e —% log(C(x,y,T)) =Eo; Egis static potential
Indep. of path Byy; depends on R = |y — x| and representation.
@ Ao = 0 gauge unnecessary: C(x,y,T) = Tr([JU), around loop

Wilson loop | (W (R,T)) = N—lcTr|'| U | Potential | V (R) = limt .., —F log(W (R, T))

area law — linear confinement
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Defining the static potential
Creating a qq pair

N

1=
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Numerical methods

The need to be clever: breakdown of naive approach

e Linear confinement: V(R) ~R/§ = (W(R,T)) ~ exp(—EizR XT)
(€ correlation length, 0 = 1/&2 string tension)

But for each measurement i = 1..N, W;(R,T) ~ 0(1):

signal goes down exponentially with R, T, but noise remains constant.
e Central limit theorem: after N > 1 measurements W;,

LSiWi(R,T)=(W(R,T))+0 <\/<W(R’T>2>§<W(R,T)>2>

Can only probe (R, T) such that (W (R, T)) >, ﬁ
N =10° — Rt <log(10%) ~ 7
i.e. R< 28, T <3¢ unsatisfactory:
e T >> R not satisfied — excited states bias
e R >> & not satisfied — not long-distance

e Technical steps:
e improve groundstate overlap
e decrease variance
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Numerical methods

Improving groundstate overlap |: smearing

Idea 1: groundstate is string-like
— sum over many paths xy distributed like string profile

Spatial smearing: U — Projgyy(aU + 3 4 stapleg

i v - [
o+ + + +j
z :
- R

Proj= ﬁ for SU(2)

perform m smearing steps —~ Gaussian smearing, width ~ y/m
optimize m(R) to maximize |bg|? in (W (R,T)) = 5 |bi|?exp(—TE;)
— m[ a—lz
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Numerical methods

Improving groundstate overlap |: effect of smearing
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|bg|? vs R, with and without smearing: spectacular!
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Numerical methods

Improving groundstate overlap II: variational basis

Idea 2: variational basis of operators {kay}: vary path or nb. smearing steps

e Measure correlation matrix M (T ):
M (T) = ([Tr Ud(x) - By (T)T- 7 Ualy) - B'xy (0))
e Solve generalized eigenvalue problem:
M(T)vi =AM (To)v; (same eigenvectors at To and T)
Solved by M(To) /M (T )M(To)~*/2(M(To)2vi) = Ai(M(To)*/?v;)
= take To small enough that M (Ty) positive definite (statistical noise)
Theorem (Lischer & Wolff): Aj = exp(—(T — To)Ei)(1+ O(exp( T(Ei—E))))

Look for plateau in effective mass: EST(T) = —log( (T(+)1))

e Control over systematic error:
even a poor measurement of (E; — Ep) is very useful:
expect reliable measurement of Eq only for T > = EO

e \ery large/noisy matrix M: project onto significant modes first
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Numerical methods

Variance reduction I: multi-hit (

Idea: perform Monte Carlo integration more thoroughly where it matters
Wilson loop: mtegrate over t|me like links of loop itself

Usg — Uy == Z 1Y, M 1-link MC, all others fixed

Or analytically: Uy = (Us) = LIgee®BIBS) (U (1),50(2),5U(3))

Substitute Uy — U4 simultaneously on aII independent links

Typically (Wilson action; R > 1):

= variance reduction ~ exp(c T) (C. Michael)
Best at strong coupling: ¢ N, as 3
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Numerical methods

Variance reduction Il: Luscher-Weisz, aka multi-level

Idea: generalize multi-hit to link pairs U4(x,t)UI(y,t)

a b a b
W(R,T)=Tr[u = X X
c d c C
a b a b
Factorize: - A L x e f or more factors
c d c a

Wi (0,T) = Wi (5,T)-Wg™ (0, 3)
Take Monte Carlo average of each factor separately?
Possible, if the d.o.f in first and second factor do not interact
Obtained by freezing all spatial links at T = 0, %,T
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Numerical methods

Lischer-Weisz algorithm: details

Perform sub-Monte Carlo organized into “slabs™:
spatial links at boundaries (colored links) frozen

Il‘ 1! A j!
\ e
A

v
A
v
A

Ll

\

Generalizes in hierarchical way (update green links, then repeat) —
“multi-level”

Single level more efficient. Optimum slab “thickness” ~ %% (Pepe)

Variance reduction ~ exp(cT) like multi-hit, but much larger ¢

Very large T become accessible — control over groundstate

Gain so large that old calculation worth repeating

Watch out: storage (higher representation, SU(N ), baryon)
Need action local in time: improved actions? full QCD??
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Numerical methods

Lischer-Weisz algorithm: illustration

Correlation of 2 Polyakov loops vs R (124,83 = 5.7):

L
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Naive approach: W ~ 0 (1) for each measurement = ca. 10'® measurements!
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Numerical methods

r: short-distance improvement (

When R not > a, lattice distortions: how to correct?

Asymptotic freedom — Vg ~ Coulomb asR — 0
Include lattice Coulomb potential in global fit of V (R) ?
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Numerical methods
Elegant solution

e Relevant quantity is force F(R) = — 3%, not V (R) itself
V (R) contains UV-divergent, arbitrary constant — removed by differentiation
e On lattice: =X(V(R+a)—V(R)) =F(R)), R = 3(1+0(a?))
Take tree-level improved observable:
R, = exact solution when V is Coulomb potential
e Aside: “Sommer scale” ry solution of r3F (rg) = 1.65 — 1 ~ 0.45 fm

better than string tension (numerically & phenomenologically)

n
)
T T T TETTT717T7T7rT

0 001 002 003 004
(a/ro)?
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qq Potential and ¢
Lattice results: overview

e Prerequisite: continuum extrapolation a — 0

Bosonic theory:

(W)(a) = (W)(a=0)(1+csa2+..), =300t g

Set to zero cék), k = 0,.. by perturbative (tree-level, 1-loop, ..)
or non-perturbative — ¢, =0

improvement of action and/or observables (Symanzik)

Outline:

e Short distance: Ayg

e Long distance: Lischer term, string picture
e Flux tube

e String breaking

e Large-N,

e Baryon potential

e State of the art
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qq Potential and ¢
Running coupling and Ays

One-gluon exchange: F(R) = CFgZH{Z, Cr =4/3.

Use as definition of running coupling g(R)

RG eq.: B(g) = —%Q_(R) = —Yy_obyg®’*?

bg, b1 universal, b, known

N X ro known from previous work (or fit (Schilling et al.))

— T T
o continuum limit

L . f=6.92 |
15 o f=6.4 _
o 10 [~ . 1
£ e 1 1 Necco & Sommer
s, 1]
h'i
oL L'E"‘h B ; - ]
1%
L T PN BRI R A |
0.6 0.8 1 12 14 16
* . - 0®-- Do 08 08--- o8-
ol v
0 0.5 1 1.5

r/r,
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qq Potential and ¢

Lischer term

aka Casimir, bosonic string, “universal”
R—0, V(R)~OR—2;(d—2)%inddim. (Coulomb-like ind = 4)

F(R)=0+(d —2)%

T T
L o continuum limit 4

L . f=6.92 4
15 - | o f=6.4 _
L — 4
L [ ; ] 4
wo 10 — —
= L 1 ER
£ .
= s R 4
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L % 4
3
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L | I I I I | 4
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r ® e .ne ]
9 De.-0e..ce..08-08 o
0 P | P
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r/ry
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qq Potential and ¢
String picture

String forms R x T worldsheet; small transverse fluctuations Zp(x,T) eRgd?
Bosonic string: action is ~ 0 x area A(Eb); effect of fluctuations?
Z(R,T) = [dgexp(—OA(¢)); V(R)=ImT — c—1logZ(R,T)

- Classical solution: minimize action — =0, V(R) = oR
- Quantum fluctuations (1-loop): gradient expansion of A(?p)

A(Q) = [Fdx [ dty/1+ \a(p|2 —H \2 (Pythagoras); b.c. @ = 0 for Wilson loop

Expand: A(Q) ~ g dx fy dT(1+3 5 2|0 )
All (d —2) components decoupled — overall factor (d — 2)
Take = @, integrate by parts: A(@y) ~ [ dx f; dT(1— T0@;)

A'is unique 0(m?) term with rotation invariance — universal

In Fourier space: (p 3 mn Cmn €XP(i (kmX +knT)), km =mg,ky =ng
2 2
A((p.l.) ~RT (1+ 2 Zmn mn(% + %))
Z(R,T) — [] Gaussian integrals over cmp
O exp(—0RT) det’(—A) %2 (zero-mode excluded)
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qq Potential and ¢
String picture

Result (Dietz & Filk, 1983): det'(—A) = \/%r](i%)

Dedekind n-function: N(t) = exp(i{57) [Tn-1(1 —exp(2iTN1))

Consequence for static potential: T >R — n(iL) ~ exp(—15 L)
V(R) =limr o —2%l0gZ(R,T) =const+0oR — 1 (d —2)%

(factor —1/2 from det1/?)

e “Universal”: independent of higher-order terms in gradient expansion
ie. of particular string action

e “Casimir”: similar calculation; free modes; geometry-dependence

e Trick? Sum over Fourier modes is infinite — UV divergence.
- -function regularization
- lattice regularization
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qq Potential and ¢
(-function regularization

Us,—D)=3hA,S =3he s —  jogdet(—A) = —L(s,—A)|s—o
Remove from C divergent piece [ %; keep finite piece (Hawking)

cf. dimensional regularization
{(s.—D) = e Jy dt 57 Shnexp(—t TR(R + 1))
2 s _ 2
= (R e a et (Q)Q(t) 1)
Qt) =5, ,exp(—mn?t); -1 for zero-mode m =n =0
Symmetry: Q(1/t) = vt Q(t) (elliptic 83(0,exp(—Tt)))

— split integral into ( f; 4 J;°), and transform the first:
Jo= [t v (QU)QR) 1) + AL

S
Pole at s = O isolated; discard and differentiate regular piece:

— Geometry-dependent part:
fra(Hemag -1+ (@uaky - 1)
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qq Potential and ¢
Lattice regularization

Want Iogdet’( —A) = Y'log(a?p?), p*=p?+p3,
P = % sin pl,pl—ﬂﬁ, m=0,.,R/a—1
po=2sin®2, p,=ml, n=0,.,T/a—1 a—0

Split 3" into 2 terms (cf. Bunk):
(1I)m=0 — Ylog(4sin®> ) — indep. of R — drops out
(2) m # 0: define €(m) via sinh Lm) =sinJ8
—  a2p? = 4sinh? &0 4 4gin2 ™ "“
= exp(g(m )) (1— Zcosn— exp(—&(m)) +exp(—2e(m)))
logdet' (—A) = (1) ..
ot TIme(m)+ 31, Salog(1—2cos Tl exp(—g(m)) +exp(—2¢e(m)))
o ,l0g(..) = 2log(1 —exp(—Le(m))), using 171 (x? — 2cos KT 4 1) = X1
T/a— o= cf |'|‘r’,° 1(1 exp(2iTlnT)) in n-function, subleading
T yme(m) gives X — L% 4 0(a?), ie. Luscher term
Divergent term renormallzes string tension
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qq Potential and ¢

Further beauty of Dedekind n-function

e What about R <= T symmetry of Wilson loop?
Modular transfoFr{mation N(=) = V=it n(1), with —it = L (cf. Q(t))

; T
Achieves TET

e Additional terms (beyond Lischer) sizeable when T ~ R (Gliozzi)

e Application to correlator of Polyakov loops (length T, separation R):
fixed — periodic b.c. in T
— @=3 run Crn €XP(i (kmX +KnT)), km=mZ ky =2nT
®R < T, zero-temp., V(R) =0R — 25 (d —2) (T-b.c. irrelevant)
eR>T,C(R,T) ~exp(—R(0T —F(d —2)%))
ie. Ot =0 — I(d — 2)&, — deconfinement!

ﬁu
transition sensitive to subleading terms(Caselle)
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qq Potential and ¢

Dedicated measurement of Luscher term + subleading

V(R) :v0+oR+cL; —FR)=0-c & —c =iR3LY

Measure cef (R)) = 2a2( (R+a)+V(R—a)—2V(R)) (Luscher-Weisz 02)

.
03 S e e e e +

e Beautiful precision, clear convergence

e “Precocious scaling” from R ~ 0.3 fm («+ Kuti)
e Discretization errors negligible ?

e Correction ~ £ in fact absent (Liischer-Weisz 04) — =5
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qq Potential and ¢

Subleading term: open-closed string duality (

e Consider correlator of 2 Polyakov loops of length T:
(P*(0)P(R)) = exp(—ORT — T ) n(q)**
1
n(@) =qz My-1(1—9"), q=exp(—Ttk) B
Polyakov loops — static charges present YT — sum over all qq(R) states:
(P*(0)P(R)) = Zqg = Y n—oWnexp(—EnT), wy integers
Identify with n expansion — whole spectrum for open string of length R
En = OR +p+ Z(Z2 +n), ie. splitting J
e Going beyond free (Gaussian) string action:
First term is boundary term b [ dT(|$22_; +[322_)
Perturbation theory inb — (P*(0)P(R)) = Z4g to 1rst order
e Duality: the same worldsheet (P*(0)P(R)) = Zqq represents the
propagation of a closed string of length T through Euclidean time R
— Expand in energy-levels of closed strings (using modular transf. of n)
Cannot accomodate a piece [l b in energy-levels = b =0
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qq Potential and ¢
Subleading term: pedestrian

Hand-waving: T E(R T(OR+ % int Rz)

)=
() (oT+ +)

, but not Rz — =

Modular transf. T T2

e Next-order: prediction in 3d,

B0 = OR -+ B(n— &) — o (n— )%+ 0(3)

e Coincides with expansion of Nambu-Goto string (action [ area):
E, = OR \/1 + 2% (n—55(d—2)) (Arvis)
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qq Potential and ¢
Work under way

e Change gauge group (SU(N) vs Abelian, discrete,..) — universality
e Info on excited states:
directly (Wilson loop + variational basis) (Kuti et al., Majumdar)
indirectly (Polyakov loops at non-zero temperature) (Caselle et al.)
e Very challenging: high accuracy at large R /a + extrapolation a — 0

35

06 08 1

Majumdar: 3d su (2), cest (R) (compare w/LW 02); (Ey —HDEO)

Ph. de Forcrand Static potential



Flux tube

Action density

R=12fm

o 2
Measure shift in action density caused by qq: %&@ — <Fﬁ\,>
(WFZ)

<Wu>v - <F&V>
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Flux tube profile

0.003 — . . .

0.0025 | gi{ Reta e 1
I @

0.002 | f i .
0.0015 - % § J
0001 | % #vi 1
0.0005 - iﬁﬁ @i g
= i’ﬁr &%3{ -

L S TF

-0.0005 —! . . :

10 5 0 5 10

Confront with models, esp. dual superconductor (see other speakers)
Here, dipole ~ W (pert. th.)

and Gaussian ~ exp(— ‘X“ ) (bosonic string, Caselle et al.)
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Flux tube width

r=0.50fm

r=1.001m

r=1RARfm

Bosonic string: massless fluctuations — string worldsheet is rough:
(|p(x) — @(0)[?) ~clog|x|, ¢ = & (Liischer, Miinster & Weisz)
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Roughening?

12 -

T T T
beta = 2 635 o
2 | beta-2500 —+—

/,Q:f_i;,-i%ﬁ*{f%{f%—w' _

05 H

L L L L L L L L L
0 05 1 15 2 25 3 35 4 45
noz

2 4
log (RV'o)

Width vs R, ¢ predicted (solid) or fitted (dotted)
Here SU(2) (Bali); 3d Z, over distance scale ~ 100! (Gliozzi)

Expected from roughening transition:
- strong coupling expansion of Wilson loop: (|@(x) — @(0)|?) finite
- B> Brough: €Xpansion ceases to converge (but free energy analytic)
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String breaking

So far, quenched: no dynamical quarks
With dynamical quarks: string breaks by qq creation

Creation of 2 static-light mesons

e Same if dynamical fundamental charges are bosons (Higgs), if static
charges are adjoint, ...

e Is the theory still “confining” ?

no order parameter, but no isolated colored states — semantics

e Observe string breaking on the lattice?

Long history of failures until ...
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Use (again) variational basis:
(Philipsen & Wittig: 3d SU(2)+Higgs, hep-lat/9807020
Knechtli & Sommer: 4d SU(2)-+Higgs, hep-1at/9807022)

e Include as trial states “broken” |8) and “unbroken” |2 ) string states
e Diagonalize 2 x 2 correlation matrix — groundstate + excited state

C(R.T) = <uu «u53> — &), (exp(—Eo(R)T) 0 >ff<2xz

BU BB 0 exp(—E1(R)T)

e Eigenstates are ®o = u ie
g q)l - KZXZ @ ] .
@®y =cosO U +sinB B

P, = —sinB U + cosb B

e Crucial role of off-diagonal elements — mixing

e Monitor Eg, E4, 0 as a function of R — quick 90° rotation at R = Ry
but not too quick!
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from Cog ——
from C%g

B>

E(M

|Q>

e r

QCD: u is Qa (static); B is Qq + q@, ie. pair of static-light mesons

No mixing = B(R) jumps from 0 to 90° at R = Ry,
Small mixing — rapid variation — need good resolution R < ain R

— off-axis correlations
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Heroic efforts

()

(

Caqlt) Casli)
Caglt) Caslt)

)

(Michael & Pennanen: off-diagonal elt; MILC; Bali, Schilling et al.)

0.2

-0.2

-0.4

[E(r) - 2 mgla

-0.6

-0.8

state [1> ——
state [2> ——

10 12 14 16 18
Tla
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0.2

0.15

[E(r) - 2 mgla
S o, o o
kr © o o ©
[4;] = (&} o (5] =

et o @

state |[1> —e—
state [2> —e—

11 12 13 14 15 16 17 18 19
Tla

Static potential



0.500 F—————————————¢ 0.06 — ; ; ; ;
/V’ mixing —e—
005 L\ no mixing 7 |
0.375 q
0.04 + ¢/
= 0.03 ]
= ‘ IORY 4
L i m
3 0.250 %
0.02
0.125 4 0.01
lg® ..":_‘4”'.1 0 1
obo - v . . . . .
2 4 6 8 10 12 14 16 18 14 14.5 15 15.5 16
Tla Tla

Good resolution for mixing angle 8(R)
Quadratic dependence AE (R) ~ AE; +c(R —Rp)? + no mixing
Rp &~ 1.25 fm; AE; ~ 50 MeV
Systematics: - Reduce quark mass (my ~ 640 MeV)
- Take continuum limit
AE.(a=0)=0 ?
Mixing “put in by hand” ?
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String breaking from Wilson loops only

Wilson loop: |U) = cos B |Pg) —sinB |P;)

R<Rp: 00 — |Uu)=~|Py): easy

R>Ry: 07 — |u)~|P1): how to retrieve (|®g),Eo) ?
(u|exp(—HT)|u) = cos? Bexp(—EoT) +sin?0exp(—E1T)
When 6 ~ 7: 2nd term dominant

sin?0

Solution: increase T until exp(—(E; —Eo)T) << cos?0

1

- - . - - 1 - - : - -
DATAPOINTATBETASIX —e— DATAPOINTATBETASIX —e—
. 810 24 one-mass ansatz . 8 10 20 one-mass ansatz
1e-05 unbroken string 1e-05 [ unbroken string
two-mass ansatz two-mass ansatz
1e-10 > 1e-10 F \\
le15 le15 [ \
= =
g 1e20 \‘\ g 1e20 | \
o ~— S ~.
) § ) ;
L jens S € jensf g
3 broken string = ™ broken string
1e-30 S 1e-30 | o
e e
1e-35 N 1e-35 | N
B N
1e-40 \,\ 1e-40 [ e N
10 15 20 25 3 3 40 45 10 15 20 25 30 3 40 45
Tia Tia

Only SU(2) adjoint (Kratochvila & PdF) and Z,+ Higgs(Gliozzi & Rago) in 3d



Large N¢: motivation

e The N, — oo theory is simpler, but still non-perturbative
- Define 't Hooft coupling A = g2Nc. Fix A while Ng — oo.
- Pert. expansion re-ordered into topological expansion ('t Hooft)

@F\ R
LY e

genus-h diagram ~ ()"

N¢ — 00 = planar diagrams only
# planar diagrams ~ exp(# vertices) “only” (solved in 2d)
Fermions: N; fixed — O(Nlc); = quenched

‘ Study Ne — oo limit of SU(N) Yang Mills on the Iattice‘
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limn, —0 SU(N¢) on lattice (

7 .
Ve ok ) e

0 . . . . .
0 005 01 015 0.2 025 03
1/N?

e Good extrapolation in 3> 1 from N. = 2 (coeff <1)
T., latent heat, interface tenS|on, glueball spectrum, topology, ...
= any N; = oo theoretical prediction applies to real world within ~ 10%

e Cf. Nambu-Goto closed string E,, = OR \/1—1— orz(n— =(d —2))

— \;_06 = /m (2" order, mean field) (Pisarski-Alvarez 82; Olesen 85)

-d =3:0.977 vs SU(2) : 1.12(1) and SU(3) : 0.98(2)
-d = 4: 0.691 vs SU(2) : 0.709(4) and SU(3) : 0.646(3)

eind =3, g very close to
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e In SU(N), N values for color charge (“N-ality”) — (N — 1) string tensions Oy

Focus on ratios 0y /01, k = 1..int(N /2), with 2 theoretical guesses:

- Casimir: g—'i = k(l\'l\ljlk) «— pert. th.
sin KTT/N

sin T/N

- sine: g—i = «— supersymmetry (Douglas & Shenker)
M-theory (Hanany, Strassler & Zaffaroni)

but (Herzog & Klebanov)

e Construct correlator of 0-momentum spatial Polyakov loops in representation r:
Cr(t) = Ty oo Xe [P (03 0) X [P (a3 1)]), P (Xa,Xa5t) = [y2-; Us (X, X2, Xs3t)
Xi[P] =TrP;
Xk=2[P] = TrP% — (TrP)?,
Xk=3[P] = 2TrP® — 3TrP2TrP + (TrP)3 (antisymmetric)

HJeldelJ=[TTle[]]e 6@

Extract 0 with fit Ex (L3) = OxLs — % + continuum extrapolation
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k-strings: lattice results SU (4) and SU(6) (

24F B
L6 L d
8 Py 1 221 Bl
+
15 1 i ) 3 % } ;
L6 -
c./c f
L4F LI 2l } = 3
oo L2 G,/c L3 7
131 B L4k T 16
L2 . b I sine f 1c L4 . 4
--- sine formula L2t Siné lormula B --- sine formula
Li- - Casimir scaling 1 Casimir scaling 12p Casimir scaling B
1 L 18 L L L L L 1 | I I | I
0.00 0.02 0.04 0.06 0.08 0.10 L 0.04 02'35 008 010 012 o0 002 o0+ 006 008 0l0 012
do ac ac

Teper et al.: larger errors; in-between Casimir & sine law
e No reason to expect either at finite (small) N

e Real issue (Shifman): corrections 0 () or 0(5z) ?
Keep k fixed, increase N

- Casimir: X0=K) _, (1 — k1)

N—1 N
. . sin kTN (k2-1)1P
- S|ne IaW. m — k(l— W)
Topological expansion in % — Sine law
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Static baryon potential

Form color singlet from N fundamental charges — baryon. (N = 3 mostly)
Repeat qq construction = Y-shaped lines and baryon junction

Waq = 2&%°87%'U (x,y, 1) U (x,y,2)" U(x,y,3)®
e Junction needed for gauge invariance; positions at T =0 and T irrelevant
e Form of potential V3q ?
short-distance — pert. th.: Vaq(r1,r2,13) = 3 33 Vaa(Iri|)
long-distance — Y-shaped flux tubes: V3q(ry,r2,r3) & Oggly ?
ie. evidence for 3-body interactions

Ph. de Forcrand Static potential



Y -law vs A-law

- A-law: 2-body forces only. Vaq = £ 53 Vag(|ri|) — oq—wr(Cornwall)

- Y -law: minimize total string length — Steiner point — Oggly (Isgur & Paton)
Numerically: 1 < —2k_ < 1.15.. (equilateral) (Suganuma..; Alexandrou..)

perlmeter
3.80 T
315 [ X sum of two body
> v
©
(&)
~ 250 |
=
_E
185
X sum of two body
EACH S B
> LLLY
[0}
(&)
~—~ 250 | —
B
~
g
>
185 | 6:60 B
1.20 L L
0.0 05 1.0 15
fm

3-body force inside a proton?



Baryonic Luscher term ( )

Baryonic Wilson loop made of 3 worldsheets
— integrate over Gaussian fluctuations?
Boundary cond. each sheet: - Dirichlet at static quark
- continuity + 2?"balance of forces at junction
— Integrate over Gaussian fluctuations, then over junction worldlines
Junction fluctuations inside qqq plane, and L qqq plane (d > 3)

3 3
1
4.5
Bh B
1 1
0 0 00 -5.5

Ly

Coefficient of the universal Luscher-like term %ﬁ as a function of the
3 relative string lengths (Ly,Ly,Lg = 1), in d = 3 (left) and 4 (right).
Ind =3, C > 0, so that Vqqq has an inflexion point.
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Excited baryon potentials

AV = (V1 — Vo) calculable in string picture — -

Lattice measurement (Suganuma et al.): AV (Ly ~ 1fm) ~ 1 GeV (?)
limL, AV ~ 600 MeV (2?)
— constituent gluon mass (Cornwall)

25 —— 1 )
— \
T | p=6.0 ; .
§ 2 r “‘d!iii 4 *g' os s B:60
= o' . r - T
T LRt )
=15 : 38 o "&
g / =
E’ 1r §®§ 9 w 0.6 i
2 | | < | ]
& 05 :

. L L L 0‘4 L Il L Il

0 15 0 10 15

5 10 5
L [lattice unit] L, [lattice unit]

Same group: tetraquark, pentaquark static potentials
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Baryons and k-strings

N > 3, large distance: how do the flux tubes arrange?

N o«
\\/ N/

\
%

° ® '1 ®
Minimize ¥ LxOx = probe 0y /01
Geometrically: balance of forces — angles at each junction
e SU(4): 1 or 2 junctions? inconclusive (~ 2-body forces only)
(Alexandrou et al.)
e Sine-law threshold: take N quarks on regular polygon:
if Tk st. 0 < 0 SKYN 7 symmetry broken (Gliozzi)

SinT/N ?

0, = 20, x x 0, =0

Ph. de Forcrand Static potential



State of the art: simulation of the dual model

e Surprise: dual observables easier to measure than direct observables

't Hooft loops Wilson loops
interface free energy spin correlations
Py Zgi dUe ~Sdisordered dU W e—S
Why? <W> — d|s§:)dered: / fedueliosr ere <W> _f dee*eS
all integrands > 0 W (U) canbe >0o0r <0

e Exploit positivity with “snake” algorithm (PdF, D’Elia & Pepe)

R x T interface: <\K/> = ZiZ;T

. Z . .
Factorize: =24 x 2 xR je 1plaquette at a time
Zo " Zy " ZrxT-1

T ||

R
Each factor 0(1); estimated by separate Monte Carlo (positivity)

Ph. de Forcrand Static potential



The magic virtue of the snake algorithm

ZrxT

Iy Z
<VYRXT> - Z_; X~§_i X ZRxT-1
(Wrt1xT) = (WrxT) X (T more factor$  (strip T x 1)

- R
Last T factors give %{;gi—g) =exp(—T(V(R+1) —V(R))) — force F(R +1/2)

‘ same statistics = same accuracy VR ‘ (Hasenbusch)

Revolution under way for measurements of interface tensions, 't Hooft loops, ..
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Using the snake algorithm for Wilson loops

e How to measure Wilson loops?

Perform duality transformation, then measure dual observable in dual model!
Example: 3d Z, gauge theory — 3d Ising model (duality transformation)
Measure Ising interface free energies < Z, Wilson loops
Hising = 2 (jjy JOi0j
Hinterface J — —J for each link piercing interface

2 {a} exp(—PBHr xTinterface) -
Siorexp(—BHisng) <WR><T>22 gauge th

e Need simple action after duality transformation — restricted class
- 3d: Zy gauge — N-states spin (eg. Z,) — bonus: cluster algorithm
- 4d: U(1) (Panero)

- Non-Abelian??
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lllustrative results

3d Z3 gauge theory — 3d q = 3 Potts model (PdF & Jahn)

TFsgmays —— 047 02
b2y ——
Dedekind + 11 01
0.165 R
- A e EET
oss P TE xR X KX o ywEEEEC T
‘HiHhH I 7 + XX Lt
o % . p
v 0.16 + x v o1 4
g u x kX
E o~ « 5 +
@ | 0.155 + x w 02 .
x 03
005 * +
015 x
60-60-60 —+— 04
string prediction —— n string prediction
45-45-90 24 asymptotics
o 0.145 05
o T 2 3 n s s o 2 4 6 8 10 12 14 o o5 1 15 2 25 3 385 4

Lyinfm hin fm

e qq Liischer coeff. ¢ (R), with % subleading term (~ 3x prediction)
® Fyqq for 60-60-60 (no Luscher term predicted) & 45-45-90 geometries
e Baryonic Luscher coeff. for g; &g, fixed (— diquark): approaching %

Note amazing distances reached.
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Conclusion

e Giant step in numerical studies:
Luscher-Weisz ‘multilevel’ and 'snake’ algorithms

e Enables theoretical progress + fundamental question:
What is the effective string theory for QCD ?

e Explain confinement?
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