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Outline of the lectures

These are going to be a lot about the LATTICE approach to
phenomenology.

• First talks:
⇤ Flavor physics with emphasis on HEAVY FLAVOR PHYSICS on the

lattice.
⇤ Framework: Heavy Quark E↵ective Theory (HQET) on the lattice.
⇤ in between, a blackboard introduction to mixing and CP violation in

the SM.

• Last two:
⇤ Precision tests of the Standard Model (SM): the hadronic contribution

to (g � 2)µ, using lattice, of course.
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Flavor in the SM = quark masses and CKM matrix. How do they show up ?

The Higgs boson has been discovered. The EWSB in the SM seems
to be really described by the simplest Higgs mechanism [Englert and Brout

1964, Higgs 1964, Weinberg 1967]

V (�) = m2|�|2 + �

4
|�|4 ,

where � is an SU(2) doublet. After EWSB:

�(x) =
1p
2

✓
0

v + H(x)

◆

m2
H

= 2�v2

m2
W

=
1

4
g2v2 from the kinetic term ) g ' 0.7

mf = hf
U/D

vp
2

Including Yukawa interactions
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A term m  = m( L R +  R L) breaks the chiral gauge symmetry
(L doublets, R singlets). Using the � field, one can add terms

LY = (Q
0
�h0

D
D 0 + Q

0
�ch

0
U
U 0) + h.c .

where the h0
X
are n ⇥ n matrices in family space, �c = ✏�⇤ and

Q 0f =

✓
u0f
L

d 0f
L

◆
, U 0f = u0f

R
, D 0f = d 0f

R
.

The matrices h0
X
can be diagonalized by left/right mult. with unitary

matrices
hX = V X

L

†
h0
X
V X

R

Then, by redefining the quark fields

u0
L
= V U

L
uL , u0

R
= V U

R
uR

d 0
L
= VD

L
dL , d 0

R
= VD

R
dR
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in the unitary gauge, after EWSB

LY =
1p
2
(v + H)

nX

f=1

⇣
hf
D
d
f
d f + hf

U
uf uf

⌘

Other part of the Lagrangian changes. As up and down quarks are
rotated di↵erently, the charged currents

Jµ =
nX

f=1

Q
0f
�µ⌧

+Q 0f + h.c . !
nX

f ,g=1

uf
L
�µVfgd

g

L
+ h.c .

with V = V U

L

†
VD

L
the CKM matrix. Since all transformations are

unitary, the neutral current, defined through the commutator of the
generators of the charged currents, remains diagonal (no FCNC).

With 3 families the CKM matrix is complex and depends on 4
parameters, these, as well as the 6 quark masses, are among the SM
parameters. I won’t discuss why they are what they are, ranging 5
orders of magnitude (flavor problem).
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Wolfenstein parametrization (�, A, ⇢, ⌘). Then up to O(�4)

� ' 0.226, A ' 0.814, ⇢ ' 0.135, ⌘ ' 0.349

There is a hierarchy. Processes involving o↵-diagonal elements are
“Cabibbo” suppressed.

Let’s take the product of the first and third columns and normalize it
by VcdVcb ' A�3. Unitarity gives us a triangle in the ⇢� ⌘ plane.
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The Unitarity Triangle
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Name of the game: determine the CKM matrix elements from
comparison between experiments and theory. Typically constraints on
the lengths or angles.
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The goal is three-fold (in the quest for New Physics)

1 Try to define precisely what is “old” before claiming something is
“new”.

2 Search for inconsistencies (“indirect” signals of nearby New
Physics). E.g., by not using the unitarity constraint or by
over-constraining the system. Possible e↵ects of new particles in
the loops (that’s “indirect”). Several two-three sigmas
discrepancies in the past.

3 Put sharp constraints on any Beyond SM (BSM) model.

In this analysis hadronic matrix elements are often needed. The
lattice can provide a non-perturbative first-principle determination of
those [See Luigi’s lectures for an introduction to the lattice regularization].
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Impressive success of theory, where lattice has an extremely important role,

and experiments.
Lattice phenomenology, lect. 1 M. Della Morte, Sept. 2014, Parma 9/26



Let us look in more detail at such analysis for one prototype quantity.

B(s) � B(s) mixing, used to fix the right side of the UT. Goal, get to the
E↵ective Weak Hamiltonian (�F = 2) and the bag parameter(s).

B and B are flavor eigenstates, they mix in the SM.

charm and up could also circulate, but they are GIM suppressed ...

The E↵ective Weak Hamiltonian is obtained by integrating out all
heavy internal particles (W and t). At low-energy, box, penguins and
W -exchange diagrams are replaced by point-like four-fermion local
vertices (formally using OPE).
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Using the Feynman rules of the SM (in the ’t Hooft-Feynman gauge),
the e↵ective vertex corresponding to the box diagrams can be
computed explicitly. Neglecting QCD corrections:

Box(�B = 2) = �i
G 2
F

16⇡2
M2

wS0(xi ) (bd)V�A(bd)V�A

where GFp
2
= 8

m2
W

and �i = V ⇤
ib
Vid ,with i = t, c , u.

In the OPE picture this is fine as long as heavy particles in the loop dominate.

S0(xi ), with xi =
m

2
i

m2
W

is the “tree-level” coupling of the four-fermion

vertex (Inami-Lim function). One finds

S0(xi ) / xi

so we could neglect charm and up in the loop wrt the top term.

Beyond LO (in QCD) it is called Wilson or matching coe�cient.
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Remarks

⌅ As a consequence of unitarity: �u + �c + �t = 0. If Wilson coe↵s.
were mass independent or there were horizontal mass degeneracy
then there would be no FCNC processes [GIM mechanism].
The matrix element of the four-fermion operator could still be
non-vanishing for mu = mc = mt .

⌅ The couplings renormalize and depend on the separation scale µ. If
that is large enough PT can be used.
⇤ Several scales appear (µ, mb, mt , mW ). To avoid large logs,

resummations and RG-improved PT has to be used.
⇤ Physical processes are scale independent, scale drops between matrix

element of the four-fermion operator and the running of Wilson coe↵s.
⇤ Operators mix under renormalization.

⌅ Fermi’s theory of beta decay is the pródromos of the Weak
E↵ective Hamiltonian
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E↵ective Hamiltonian

Lattice phenomenology, lect. 1 M. Della Morte, Sept. 2014, Parma 12/26



Now, the initial and final states are hadrons. We need to evaluate the
matrix element non-perturbatively. Here lattice enters the game. The
frequency �mq, (q = d , s):

�mq =
G 2
F
m2

W

6⇡2
|V ⇤

tqVtb|2⌘S0(xt)mBq
F 2
Bq
BBq

hBq|OVV+AA|Bqi =
8

3
F 2
Bq
BBq

m2
Bq

h0|Aµ|Pi = FPpµ describes leptonic decays of the pseudoscalar P .

⌘ encodes QCD corrections (at NLO).

Experiments: �md = 0.507(3)(3)ps�1
[PDG]

�ms = 17.719(36)(23)ps�1
[CDF, D0, LHCb]

Exp. errors here are at the (sub)percent level !
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Precise lattice results (e.g. including continuum limit) on these bag

parameters are starting to appear now.
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(Charged) Decay constants

h0|uf �µ�5df 0 |P(p)i = FPpµ are the hadornic parameters entering
leptonic decays of pseudoscalar mesons

Helicity suppression: in the rest frame of the meson, the two leptons are

back to back. The ⌫ is right-handed, so must be the lepton (initial state is

spin 0). Charged vertices are L̄L, so ` must flip helicity (mass insertion).

�(B ! `⌫`) =
G 2
F

8⇡
|Vub|2F 2

B

✓
m`

mB

◆2

m3
B

✓
1�

m2
`

m2
B

◆
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This is very well studied on the lattice, using di↵erent approaches, all giving

consistent results.
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The neutral case. Bs ! µ+µ�

In the SM through penguins and boxes

The branching ratio can be parameterized

BR(Bs ! µ+µ�) = 3.5·10�9


⌧(Bs)

1.6ps

� 
FBs

210 MeV

�2  |Vts |
0.040

�2  mt(mt)

170 GeV

�3.12
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Used to be best bet for New Physics (in flavor physics)

In models with two Higgs doublets (like MSSM), one introduces
tan(�) = <Hu>

<Hd>
. At large tan(�) the process can be enhanced, in

particular one possible tan(�)6 term from the diagram [Babu and Kolda, 1999]

B ! Xs� could have be enhanced by a similar mechanism.
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[CMS, arXiv:1307.5025, LHCb, arXiv:1307.5024] and [Altmannshofer et al., 2012] for constraints on mA

and tan(�)
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[arXiv:1211.1976]
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Recent measurements by Belle and BaBar observed a 3.4� global
deviation from the SM in

B(B ! D⌧⌫)

B(B ! Dl⌫)
,

B(B ! D⇤⌧⌫)

B(B ! D⇤l⌫)

and an evaporating enhancement in B ! ⌧⌫.
(Semi)leptonic processes involving heavy quarks and ⌧ leptons could unveil e↵ects
of particles with large coupling to heavy fermions.
Charged scalars ? [Nierste, Trine, Westho↵ ’08; Kamenik, Mescia ’08; Fajfer, Kamenik, Nisandzic ’12, So↵er ’14]

It is crucial to have precise and reliable estimate of the relevant form factors in the

SM, and beyond (S, PS, T). The present theoretical knowledge is rather poor.
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Form factors

Parameterizing semileptonic decay. Simplest: B ! ⇡`⌫

b u

d̄(ū) d̄(ū)

B̄0/B� ⇡+,0

l�

⌫̄lW�

Ignoring the lepton mass:

d�

dq2
=

G 2
F

24⇡3
p3⇡|Vub|2|f+(q2)|2

The hadronic matrix element is from a quark bilinear

h⇡(p⇡)|V µ|B(pB)i = f+(q
2)(p⇡ + pB � q�m2)µ + f0(q

2)qµ

with �m2 = (m2
B
�m2

⇡)/q
2
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(1
-q

2 /m
2 B* ) 

 f +
(q

2 )

 FNAL/MILC 08A
 HPQCD 06
3-parameter BCL fit

Very few lattice results, covering a part of the q2 region only
(17 GeV2  q2  q2

max
= 26 GeV2 ). Parameterizations needed,

BCL= [Bourelly, Caprini and Lellouch, 2009] building on BGL [Boyd, Grinstein and Lebed, ’95]

⌅ Experiments measure in the small q2 region (d� / p3⇡), lattice can access
the large q2 one (a e↵.).

⌅ The kinematical factor in front of f+ vanishes at qmax =(mB�m⇡,~0).
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Tension between inclusive and exclusive determinations of Vub.

Inclusive from B ! Xu`⌫. less clean exp. and theory wise (cuts to remove

B ! Xc background).
[P. Urquijo for Belle, plenary at ICHEP 2012]
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Summarizing

⌅ Introduction of the Higgs sector of the SM, quark masses and
CKM. [Cabibbo suppression]

⌅ Weak E↵ective Hamiltonian using the example of B � B mixing.
[GIM mechanism]

⌅ (Charged) Decay constants. [Helicity suppression]

⌅ Bs ! µ+µ� in SM and BSM. [With extra neutral Higgs as well as
charged Higgs].

⌅ Form factors for semileptonic decays. [Vub incl. vs excl. tension]
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Something to read (mostly lectures)

⌅ for SM: G. Ridolfi,
http://www.ge.infn.it/⇠ridolfi/notes/smcom.ps

⌅ for Weak E↵ective Hamiltonian: A. Buras, arXiv:hep-ph/9806471

⌅ for Heavy Quark E↵ective Theory: M. Neubert, Phys.Rept. 245
(1994) 259-396 and hep-ph/9610266,
Manohar and Wise “Heavy Quark Physics”.

⌅ for HQET on the lattice: R. Sommer, arXiv:1008.0710

⌅ for a review of Flavor lattice results: FLAG, arXiv:1310.8555

⌅ G. Hiller and collab. 2010 ... for NP constraints from
B ! K (⇤)`+`�.

and references therein !!
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Outline of the lecture

HQET as a model independet approach to describe (some)
processes involving heavy-light hadrons.

Heuristic derivation

HQET on the lattice. Why and how.
Non-perturbative matching
Results
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Heavy–light systems are characterized by two scales
⇤QCD associated with the dynamics of the light degrees of
freedom (and the size of the hadron ' 1/⇤QCD )
1/mQ ' Compton wave length of the heavy quark

QED analogue ! hydrogen atom

the electorn wave-function does not depend on the nucleus mass.

Separating the two scales may help
short distances e↵ects may be treated using perturbation
theory
Long distance physics might simplify
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Symmetries realized in this particular kinematical situation

They are not symmetries of the full Lagrangian

Resolving the quantum numbers of the heavy quark would
requires a hard probe (µ ' mQ)

light degrees of freedom exchange momenta of O(⇤QCD),
they are blind to flavor, mass and spin of the heavy quark
(heavy quark spin and flavor symmetry)

in this respect heavy quarks are just color sources (color field
extends over large distances because of confinement)

Lattice phenomenology, lect. 2 M. Della Morte, Sept. 2014, Parma 4/26



Hadronic states can be classified by the quantum numbers of the
light degrees of freedom (flavor, spin, parity, etc). In general

mH = mQ + ⇤̄+
�m2

2mQ

+ O(1/m2
Q
)

⇤̄ from terms in the Lagrangian independent of the heavy quark mass

�m2 = ��1 + 2[J(J + 1)� 3/2]�2
�1 : kinetic energy of the heavy quark inside the meson
�2 : interaction of the heavy quark spin with the gluon field
⇤̄, �1, �2 independent of mQ

example : m2
B⇤ �m2

B
= 4�2 + O(1/mb) ' 0.49 GeV

2

m2
D⇤ �m2

D
= 4�2 + O(1/mc) ' 0.55 GeV

2

) �2 ' 0.12GeV
2
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Semileptonic decays (in the limit mQ !1)

Consider mesons witha a given velocity v , elastic scattering
B̄(v)! B̄(v 0) induced by a vector current. In the limit mb !1
this can only depend on the boost � = v · v 0 (Isgur-Wise)

1

mB

hB̄(v 0)|b̄v 0�µbv |B̄(v)i = ⇠(v · v 0)(v + v 0)µ

with ⇠(1) = 1 for current conservation. From flavor-symmetry

1
p
mBmD

hD̄(v 0)|c̄v 0�µbv |B̄(v)i = ⇠(v · v 0)(v + v 0)µ

Flavor changing currents are described by two form factors

hD̄(v 0)|c̄v 0�µbv |B̄(v)i = f+(q
2)(p + p0)µ � f�(q

2)(p � p0)µ

) f±(q
2) =

mB ±mD

2
p
mBmD

⇠(v · v 0)
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Using a spin-symmetry-transformation a vector can be turned into a
pseudoscalar by rotating the spin of the heavy quark

d�(B̄ ! D⇤l ⌫̄)

dw
=

G 2
F

48⇡3
|Vcb|2(mB ,mD⇤ ,w)⇠2(w)

the product |Vcb|⇠(w) can be measured at experimentally [CLEO, LEP, Belle,

BABAR] and extrapolated to w ! 1 where HQET predictions for ⇠(1) can
be used

|Vcb|⇠(1) = (35.90±0.45)⇥10�3 , ⇠(1) = (1+O(1/m2
Q
))⇥shortdistancee↵ects

The form factor can be computed on the lattice including higher orders in
1
mQ

also for the B ! Dl⌫ transition [FLAG, arXiv:1310.8555, FNAL/MILC, Atoui et al., ’13].
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HQET [Eichten, ’88, Eichten and Hill ’90]

The e↵ective theory reproduces the full one at large distances, but
short distance e↵ects are di↵erent as high momentum modes have
been removed from the theory ! Wilson coe↵.

Heavy quarks are not really integrated out, only small components
of the heavy quark spinor which describe fluctuations around the
mass shell will be removed.

The e↵ective theory is still strongly interacting.
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In the infinite mass limit: pµ
Q
= mQvµ + kµ.

kµ ' ⇤QCD. Changes in the velocity due to the residual
momentum kµ vanish (as mQ !1). It is useful to introduce

hv (x) = e imQv ·xP+Q(x) , Hv (x) = e imQv ·xP�Q(x) , P± = (1±v6 )/2

the phase makes the fields slowly varying in space and the meaning
of the projectors is clear in the rest frame [vµ = (1, 0, 0, 0)].
Using �µvµ

hv = hv , �µvµ
Hv = �Hv and starting from Q̄(i�µDµ �mQ)Q

LQ = h̄v iv · Dhv � H̄v (iv · D + 2mQ)Hv + h̄v iD?6 Hv + H̄v iD?6 hv

Hv is massive ) zig-zag transitions from quarks to antiquarks are
suppressed by a factor 2mQ . These degrees can be eliminated by
making use of e.o.m.

Le↵ = h̄v iv · Dhv + h̄v iD?6
1

2mQ + iv · D iD?6 hv
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As h(x) is slowly varying, the expression can be expanded in
powers of iD/mQ

Le↵ = h̄v iv · Dhv +
1

2mQ

1X

n=0

h̄v iD?6
✓
� iv · D

2mQ

◆n

iD?6 hv

At O(1/mQ), i.e. from n = 0, in the rest frame, it takes the form

Le↵ = h̄v iD0hv +
1

2mQ

h̄v (i ~D)2hv +
1

2mQ

h̄v~S · ~Bchv + O(1/m2
Q
)

EXERCISE 1: Prove it !

the kinetic energy from the o↵-shell residual motion and the
chromo-magnetic Pauli interaction are relativistic sub-leading
e↵ects.

In the static action no �-matrices appear, the interactions do
not change the spin of the heavy quark (SU(2) spin symmetry).

also, h(x)! e i⌘(~x)h(x) is a symmetry (local flavor number
conservation).
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The coe�cients of the 1/mQ terms in the Lagrangian need
perturbative and non-perturbative corrections in order to match
the e↵ective theory to the full one.
QCD (heavy-light) currents j(µ) = Zj  ̄l� h are expanded in HQET

j(µ0) = C (µ0, µ)̃j(µ) +
1

2mQ

X

i

Bi (µ
0, µ)Oi (µ) + O(1/m2

Q
)

where Oi are dimension 4 operators with the proper quantum numbers.

The C coe�cient corrects for short distance e↵ects not included in
the e↵ective theory and can be perturbatively estimated

C(µ0, µ) = C(mQ ,mQ) exp

2

4
Z ↵

(n
f
)

s (µ0)

↵
(n
f
)

s (mQ )

d↵s

↵s

�j(↵s)
2�(nf )(↵s)

�
Z ↵

(n
l
)

s (µ)

↵
(n
l
)

s (mQ )

d↵s

↵s

�̃j(↵s)
2�(nl )(↵s)

3

5

having performed the matching at the scale µ = µ0 = mQ .
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Why matching should be non-perturbative

Let us consider the example

m2
B⇤ �m2

B
= Cmag (mb/⇤QCD) hB | ̄h�B h|B⇤iRGI ⇥ (1 +O(1/mb))

Cmag (mb/⇤QCD) has a perturbative expansion. The truncation at O(n-1)

' ↵(mb)
n '

⇢
1

2b0 ln(mb/⇤QCD)

�n

>>
⇤QCD

mb

as mb !1

The PT corrections to the leading term are larger than the 1/mb ones !

In addition the perturbative series isn’t always well behaved [R. Sommer, 2010].
CPS/CV vs 1/ ln(⇤/mb)

[Chetyrkin and Grozin 2003, Broadhurst and Grozin ’91, ’95, Bekavac et al. 2010]
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Now on the lattice ! Problem of several scales

finite volume e↵ects are mainly triggered by the light degrees of
freedom. The usual requirement is mPSL > 4 and mPS is typically
around 250 MeV in actual simulations ) L ' 4 fm.

cuto↵ e↵ects are related to the heavy quark mass.
a << 1/mb ' 0.03 fm .

) L/a ' 100 is needed to have those systematics under control !!
Integrating out the heavy quark mass in this case is useful !!

�⇡ = 1/m⇡ ⇡ L

�B = 1/mb < a

In addition the autocorrelation of observables grows as 1/an with n � 2 [Schäfer,

Sommer and Virotta ’10, Lüscher and Schäfer, ’11]
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Field Content (and Euclidean notation and rest-frame)

SHQET = a
4
X

x

⇢
 ̄h(D0 +mbare) h + !spin ̄h(��B) h + !kin ̄h

✓
�1
2
D2

◆
 h + . . .

�

We also consider the currents

AHQET

0 (x) = ZHQET

A
[Astat

0 (x) +
2X

i=1

c(i)
A
A(i)
0 (x)] ,

A(1)
0 (x) =  

l

1
2�5�i (r

S

i
� �rS

i
) h(x) ,

A(2)
0 (x) = �@̃iAstat

i
(x)/2 , Astat

i
(x) =  

l
(x)�i�5 h(x) ,

AHQET

k
(x) = ZHQET

Ak
[Astat

k
(x) +

6X

i=3

c(i)
A
A(i)
k
(x)] ,

A
(3)
k
(x) =  

l
(x)

1
2
(rsi �

 �rs
i )�i�5�k h(x) , A

(4)
k
(x) =  

l
(x)

1
2
(rsk �

 �rs
k)�5 h(x) ,

A
(5)
k
(x) = e@i

�
 

l
(x)�i�5�k h(x)

�
/2 , A

(6)
k
(x) = e@k Astat

0 /2

and analogous expressions for the vector current, 19 coe↵s in total.
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Why HQET and not something else ?

• Theoretically very sound. In particular, the continuum limit is well
defined and can be reached numerically [ALPHA, ’03].
NB. The static theory is not renormalizable by power-counting
(static prop. / �(~x � ~y)). Still, only dim. 4 ops. in the action.

In [Grinstein, ’90] it has been shown that QCD correlators are reproduced

to all orders in ↵s at LO in 1/mh.

• Can be treated non-perturbatively including renormalization and

O(1/mh) [Heitger and Sommer, ’03 and ALPHA ...].

Next to leading order terms in the 1/mh expansion are not included
in the action, that would produce couplings of negative
dimension.They are treated as insertions into correlation functions
evaluated in the static theory

e�(Srel+SHQET ) = e�(Srel+Sstat) ⇥ [1� a4
X

x

L(1)(x ,!spin,!kin) + . . . ]

and Sstat = a
4 P

x
 ̄h(x)D

HYP

0  h(x) to minimize the noise/signal ratio.
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• It is self-consistent. The validity of the 1/mh expansion can
be tested down to the charm mass, as opposed to what is
done within other approaches, where results are extrapolated
from mc to mb assuming HQET.

 0.8

 1

 1.2

 1.4

 1.6

 1.8

 2

 2.2

 2.4

 0  0.05  0.1  0.15  0.2  0.25  0.3

 1/(r0 mPS)

r0
3/2 φ1

RGI

r0
3/2 φBs

HQET / CPS

r0
3/2 fPS mPS

1/2 / CPS

[MDM et al., arXiv:1006.5816]

• Numerically it is as expensive as other approaches, the
matching between QCD and HQET is perfomed in small
volumes and it is very cheap concerning CPU-time. The costy
part is the large volume, as for everybody.
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More details on the matching procedure

[ALPHA, arXiv:1001.4783, 1004.2661, 1006.5816 and 1203.6516, 1311.5498]

• a = f (�), � = 6/g 2
0 . large � = small a.

• The parameters are renormalization
factors. They depend on a but not on L.

• L/a can’t be arbitrarily large.

• Eventually we want them for
a ' 0.1� 0.05 fm (large volumes for
phenomenology).

• Idea: at small L and very fine a we
simulate HQET and QCD with a
relativistic b-quark. We get the
parameters by matching 19 suitable
quantities [MDM et al., arXiv:1312.1566]

�QCD

i
(mb, 0) = �HQET

i
(!..., c

(j),ZHQET

... , a)

• By a sequence of evolution (in L, fixed a)
and matching (continuum vs finite a,
fixed L) steps in HQET, one can obtain
the parameters at larger a.

L1 L1 L2 L2 L1

SSF

S1 S2 S3 S4 S5

HQETQCD

match

a

!!̃
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Let’s take the easy one, !spin as an example. In QCD in a finte volume
(Schrödinger Functional) we define VV and AA boundary to boundary
correlators and their corresponding HQET expansion.

f1 = � a12

2L6

X

~u,~v ,~y ,~z

D
⇣
0
`(~u)�5⇣

0
b
(~v) ⇣

b
(~y)�5⇣`(~z)

E
,

k1 = � a12

6L6

X

k

D
⇣
0
`(~u)�k⇣

0
b
(~v) ⇣

b
(~y)�k⇣`(~z)

E
,

x0

A, dA

0 T

f 1

x 0

Okin/spin

x0

f 1
kin/spin

f A, dA (x  )0

x
0

y0 y0

Okin/spin

0A, dA
f        (x  )

kin/spin

A, dA
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The expansions read

[f1]
HQET

R
= Z

2
⇣hZ

2
⇣ e

�mbareT
n
f
stat

1 + !kinf
kin

1 + !spinf
spin

1

o
,

[k1]
HQET

R
= Z

2
⇣hZ

2
⇣ e

�mbareT
n
f
stat

1 + !kinf
kin

1 � 1
3!spinf

spin

1

o
,

- The matching equation (in a size L1, usually around 0.5 fm)

�spin(L1,mb, a) = 3
4 ln

⇣
f1
k1

⌘
(L1,mb, a) = !spin(mb, a)

f
spin

1
f stat1

(L1, a) + . . .

can be solved for !spin at a and mb where the matching is performed. This a is
very fine, not suitable for computing the spectrum or decay constants or ...

- Evolution (SSF) an re-matching (from now on in HQET only).

At the same a (and mb), we consider L2 = 2L1, simply by doubling the number
of points. Using the same !spin we compute �spin(L2,mb, a), with RHS above.

Then we change a! 2a and solve for !spin(mb, 2a) the equation

�spin(L2,mb, a) = �spin(L2,mb, 2a)

so, we set to 0 cuto↵ e↵ects on �spin. One or two steps are usually enough.

Remark. In the LHS of matching equations the lim a! 0 is usually taken.
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Finally, in large volume 4
3!spinhB |Ospin|Bi give the V-PS splitting

0 0.05 0.10 0.15
40

45

50

55

60

65

70

m2
p/GeV

2

(
m

B
⇤
�

m
B
)
/

M
e
V

A4 A5

E5 F6

F7 N5

O7 PDG

[MDM and ALPHA ’12]

Similarly, the parameters entering the b-quark mass and the B-meson

decay constant have all been determined non-perturbatively.

Matching-quantites have been defined and studied in perturbation theory

far all the 19 parameters in the action and vector and axial currents at

O(1/mh) [MDM, Dooling, Hesse, Heitger and Simma, ’13].
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More results from HQET on the lattice at O(1/mh)

We generate Nf = 2 dynamical configurations, with NP O(a) improved

Wilson fermions and plaquette gauge action.

� a[fm] L/a m⇡[MeV] m⇡L #cfgs
#cfgs

⌧exp
id

5.2 0.075 32 380 4.7 1012 122 A4
32 330 4.0 1001 164 A5
48 280 5.2 636 52 B6

5.3 0.065 32 440 4.7 1000 120 E5
48 310 5.0 500 30 F6
48 270 4.3 602 36 F7
64 190 4.1 410 17 G8

5.5 0.048 48 440 5.2 477 4.2 N5
48 340 4.0 950 38 N6
64 270 4.2 980 20 O7

The b-quark mass is determined by computing, as a function of the heavy

quark mass mh used in the matching, the large-volume quantity

mB(mh) = mbare(mh) + E stat + !spin(mh)E
spin + !kin(mh)E

kin

and then solving mB(mh) = mexp

B
, with mh as unknown.
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1

zb

mexp

B

11 12 13 14 15

4

4.5

5

5.5

6

z

m
B
(z
,m

ex
p

⇡
)/
G
eV

ỹphys1

z = L1mh , [ MDM and ALPHA, arXiv:1311.5498]

Nf Ref. M m
MS

(m
MS

) m
MS

(4GeV) m
MS

(2GeV)

0 [36] 6.76(9) 4.35(5) 4.39(6) 4.87(8)
2 this work 6.58(17) 4.21(11) 4.25(12) 4.88(15)
5 PDG13 [1] 7.50(8) 4.18(3) 4.22(4) 4.91(5)

Convergence at lower scales may be due to the common low-energy input (mB).
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Decay constants (to appear soon)

0 0.02 0.04 0.06 0.08 0.1

0.16

0.18

0.20

0.22

0.24

0.26

y

f �
Bs
(y, a)/GeV

� = 5.2

� = 5.3

� = 5.5

yexp
0 0.02 0.04 0.06 0.08 0.1

y

f �
B(y, a)/GeV

� = 5.2

� = 5.3

� = 5.5

yexp

Continuum-Chiral extrapolations, using

fBs
(m2

PS, a
2) = b + cm2

PS + da2

fB(m
2
PS, a

2) = b0
h
1� 3

4
1+3ĝ2

(4⇡f⇡)2
m2

PS ln(m
2
PS)

i
+ c 0m2

PS + d 0a2

with f⇡ from exp. and ĝ = 0.51(2) [Bulava et al. PoS LAT10]

give fB =187(12)(7)� MeV, fBs
=224(13)MeV and fBs

fB
=1.195(61)(20)�
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Form factors, just started, still static

Di↵erential decay rate in B ! ⇡l⌫

d�

dq2
=

G 2
F

24⇡3
p3⇡|Vub|2|f+(q2)|2 ,

where q is the lepton pair momentum. The form factor f+(q2) can
be extracted from the matrix element of the vector current

h⇡(p⇡)|V µ|B(pB)i = f+(q
2)(p⇡ + pB + q�m2)µ + f0(q

2)qµ�m2 ,

Setting ~pB = ~0, for each ~p⇡, one has to study a ratio of 3 over
2 -point functions on the lattice looking for a plateau in the
insertion time of the current.

p Vµ Btp tB
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~p⇡ = 1, 0, 0⇥ 2⇡
L
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ll
 100

fit
fit

[ALPHA, LAT12]
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Conclusions

Heavy-flavor physics is a rich area of research, with a lot of
interplay between theory and experiments.

Powerful framework to determine EW-parameters, test the
SM and constrain NP.

HQET is a modern, model independent framework to perform
quantitative computations in heavy-flavor physics.

The physics is mostly non-perturbative. Lattice plays a key
rôle and HQET is a viable and solid approach to obtain
precise predictions.
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Now it is time to go back to normal food and leave this 
beautiful place !

THANKS MARISA AND FRANCESCO FOR 
THE WONDERFUL WEEK !!


