m? ADCDG}{?Q
C =

Introduction tfo Numerical
Relaﬂvufy

BSEEs D L Ty g A P e T T 8 4 Rt S I O B Yt e e N et e b A B BV, e e oo s PSP Bla gt gl A

Roberto De Pietri
(Parma University)

Lecture 1




Not just an academic exercise
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Special Rela’nvnty

e T L T L e i e Lastanie . P, e el

= maximun speed for signal propagation

m It is not possible to send or receive signal at a speed
greater than c

m EXPERIMENTAL FACT: THE SPEED OF LIGHT IS
INDEPENDENT OF THE OBSERVER

m A speed limit is not compatible with GALILEAN
RELATIVITY.

m space and time cannot be seen as independent concept: we
must think in term of space-time Li ght Cone

m SPECIAL RELATIVITY
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Equivalence Prmcuple

T e

FREE FALL?Y

It is not possible to distinguish
INERTIAL MASS from

GRAVITATIONAL MASS

Inertial Mass "Gothayity
= Gravitational Mass CRAVITY CRAVITY

dzxé (1) : E;g@ G mg (xé (l‘)—Xé (t))

vodr X () = ()

i

oL =]

Gravity must be described in
geomeTr‘iC(ﬂ terms 10 gravity it GRAVITY

no accel

Parma International School of Theoretical Physics, September 8 - 13, 2008 Roberto De Pietri: Introduction to Numerical Relativity 4

4



Dynamical space-time

mm— mhwmmfi£% "'nmﬂ:m!l-‘"&'ib—h’ o W s . ﬁ-l"l." A " o ." = : -’ : - '-'!" ”.

MSpace time curvature will
dynamically fix length and time

1 ] A : 3 ” ﬁ.ﬁ"
close space open space flat space
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The world as seen by an ant
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ZERO CURVATURE POSITIVE CURVATURE NEGATIVE CURVATURE

BUT (special relativity) WE MUST THINK IN SPACE-TIME TERMS ! The curvature is
not the curvature of SPACE but the 4-dimensional curvature of SPACE-TIME
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Space and matter

) h.. m*hwmw"*‘% #'ﬂm‘;ﬂ:‘:*!._u..h‘ibﬁrh—#q-*‘*!_ mm*l:h-_ o " - = = g, _“

One can visualize Einstein's general r'ela'rivify as
a sheet that in the absence of matter is flat
but that in the presence of matter is not.

The trajectory of particles will be the geodesics
of this curved space
MATTER =
source of the curvature
of space-time

1
R =5 8 R

-8nG T,
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ngh’r deflectlon (Iensmg)

i
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Gravity will modify the space-time
texture

Light will be deflected and/or
focalized by matter-distribution

Gravitational Lens G2237+0305
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Space-time view of
—.__light deflection

A . = L i e iy - = 4 .
- o, WS s e g il B Rl ey + 'w
i -u.-!-‘ (5 S—_——— . L %"—i‘#“ . _ . = :

Image 1

Distant Object Observer

el
Deflector

o
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Cuirved space time effecls: Gravitational lensing

w oy ohy TN ﬂﬁihwﬂ'} T Tty s P BT I A Ve NSt s H“hrkﬁhnam-mwm

Image 1 mass OF fhe halo
= arcs form a size

Distant Object Observer
“  Deflector

Image 2

Abell 2218, a galaxy cluster at 3 billion light year,
deflect the light coming from other galaxies
creating apparent arcs.

http://ngst.gsfc.nasa.gov/science/gravlens.htm
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Space-time region ... that
e Traps light

To Earth
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Lugh’r sugnal around a Black Hole

Signal from an

: Sional from a source
outside source gnal

falling into a Black Hole
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Equlvalence prmcuple

e, A

The trajectory of freely
falling particles follow

. | the geodetic of a curved

T T [T space-time

The curvature of the space-time is determined by
the distribution of energy (The Energy-Momentum
tensor is the source of the Einsteins equations).

The Energy-Momentum tensor is conserved as a
consequence of the Einsteins equations).
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Relativistic Stars and
matter evolu'rlon

- T m*hwyﬁ”%u.{mu et sl LT aanie . PIRRS

To construct stellar models in General Relativity or
to study matter evolution in the relativistic regime
it is necessary to chose a specific form of the
energy-momentum tensor that describe the matter
inside the star.

Perfect fluid is a medium in which the pressure is
isotropic in the rest frame of each fluid elements
and where shear stress and heat transport are
absent.
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EM-Tensor in local Lorentz frame

. w oy ohy TN m*mwmm'ifﬂ'ﬁﬁ"'“m“:m‘:*!"”'“"i"‘:hﬁ-ﬂ'““‘?‘""“""'H: T . - ~ e

For such a system any point-like-observer co-moving with the fluid
will observe the fluid, in its neighborhood, as isotropic with an
energy density e and a pressure p. In this local frame the energy-
momentum tensor is:

e 0 0 0)

, 10 p 00
=10 0 p o
\0 0 0 p)

Its expression in any other frame can be obtained by performing a
suitable Lorenz transformation. If now the fluid element is moving
with respect to the laboratory frame with velocity: +» = 1/\/1 — viv;(1,v%)

T = (e +p)uu” + pn™”
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Perfect Flulds in GR

it ¥ e = BV 250 0 i i i A ISP Pl g i B

FULL SET OF EQs:

Einsteins equations: Gt = 8rGTH
Conservation of energy: 1), = 0

Equation of state (EOS): p = ple)
Where:

The fluid four velocity is: + — (1,09

The expression for the Energy-Momentum-tensor

ST = (et putu + pg
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Emsfems Equa’ruons
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e, A

10 partial differential equations for the 10 metric function
(in a coordinate frame)

Main difficulty: the 4 coordinates have no physical
meaning !

Indeed we have 4 gauge function and indeed only 2 out
of the 10 metric function will have any physical meaning.

Like in the case of EM where of the 4 potential there are
only 2 physical degree of freedom because we have 1
gauge function.
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Gravu’ra’ruonal WAVES

e, A

10 metric function 9.

vacum Einsteins equations (10 non-linear PDEs)

B 1 TR0, - T =0
1

L5y = 39% (9y9pa + Ipgrar — O gpr)

Expand around the Minkowsky background:
Iuv _77;w‘|‘( — 1/27n,,h )

Impose De-Donge gauge: 1“0, hs, = 0

Go to transverse trace-less gauge

l_zou =R LGl n“”ﬁw =0
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Gravitational Waves (2)

TRSER S Ban L, Ty ot P s L 4 Pt S O B Yt e e N et e s A BV, rvge n

The Einsteins equations become:

g a b e 167G 5

They becomes (where there is no matter) a wave
equation for the two independent degree of freedom

of the metric perturbation.
Gauge Invariance 7. — Iy

aufu 81/€,u e nul/aozga

On shell ... fransverse-traceless gauge

R RN =0, Hy, = 0, "V H,,, =0
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Experimental evidence for GWs
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PSR B1913+16 (also known as J1915+1606) is a pulsar in a E
binary star system, in orbit with another star around a | '
common center of mass. In 1974 it was discovered by

Russell Alan Hulse and Joseph Hooton Taylor, Jr., of

Princeton University, a discovery for which they were

awarded the 1993 Nobel Prize in Physics

Nature 277, 437 - 440 (08 February 1979), J. H. TAYLOR,

L. A. FOWLER & P. M. MCCULLOCH:

Measurements of second- and third-order relativistic

effects in the orbit of binary pulsar PSR1913 + 16 have

yielded self-consistent estimates of the masses of the

pulsar and its companion, quantitative confirmation of the

existence of gravitational radiation at the level predicted /Q/_

by general relativity, and detection of geodetic precession | )
of the pulsar spin axis /‘/
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Two-bodies problem and GWs

WETESER 5 oo 6 Tt fir B v s BTN SR Pty S I T A R Ve s Y S st e e BV, e e Tl

il .
Gravitational waves oS R o )

|
® iscol TTFNT FnorcL
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,\/\/\/\/\ /\A/\ A AN
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‘“inspiral” ‘“plunge/merger”’ “ring-down?”

L e i
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Is it possible to numerical study the
‘merger of 2 Black-Hole ? Yes |’r |s'

FORSE2 s Dotk Ty g PR ey PRIl L T Lt L R R

Credits: R. Kaehler & L. Rezzolla

http://arxiv.org/pdf/0707.2559

RUN R7: equal-mass, spinning bhs,
different spins.
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Black Hole Merger results

PHYSICAL REVIEW D 73, 104002 (2006)

I ELE . B ot i P s AR T S Pty S PN ETS CRT I  vh e N s A AR, g

INSPIRAL

RING DOWN

03

0.2

AEI simulation
arXiv:0712.3003

0.1

|

y/M

- RI1

R2
R3
R4
Merger

0.1
0.04 |- --- Rl _
U A —- R2
02 | 20,0025 - n -
RN ! U 600 5007300300 300 100 |
—03f oy, | ::: 0.02
1 1 1 1 1 L i
1200 1250 1300 1350 1400 1450 1500 1600 5
tNR 0
o
Exponentially dumped ;
0 0 _ | | U | _
oscillation (QNM) ol :
(/M
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Inspiral part of the signal: ....

Tl

INSPIRAL | RING DOWN

m Post Newtonian approximation ....

® ... Damour EOB (Effective one
body) waveforms for the two
bodies problem.

m See Damour-Nagar about
matching Numerical-Relativity Exponentially dumped
waveform and EOB ones. oscillation (QNM)
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| RING DOWN
| ﬂ

INSPIRAL

0.3F

QNM part of the signal: 1D codes

SBPBTERE A Bain 6, Tt P P s B DAV A Pty o I L AL I va e S vmes e SR
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Not a characteristic of just BH merger
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Works of Vishveshwara [Nature, 227, 936 (1970)], Press
[Astrophys. J. Letts. 170, L105 (1971)] and Davis, Ruffini and Tiomno
[Phys. Rev. D 5, 2932 (1972)], unambiguously showed that a non-
spherical gravitational perturbation of a Schwarzschild Black Hole
is radiated away via exponentially damped harmonic oscillations.

These dumped oscillation are the QNM first studied by Regge and
Wheeler [Phys. Rev. 108 1063 (1957)]
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Metric perturbations

w oy ohy TN m*hwm—mﬁifﬁfm‘"“H‘rmﬂp-"m‘i!‘*ﬁ S e o - Pl gy T . - - i . el

Einstein Linearized Egs. . = 8. + /..

Spherical symmetry:

2M, oM\ !
ds? = —(1 — —) dr? + (1 — —) dr? + r>d6% + r? sin” 0 d¢?,

r r

Better expressed in terms of
tensor Harmonics

0
VLM) = (Sem)ia = 7—YLu (0, @)
a 0x

2 b e O
(VLM) = €4 (SLM);b =V Eac@YLM(O, gp)

Parma International School of Theoretical Physics, September 8 - 13, 2008

(Is]]s v |)

S S Vv
h =

VI |V T
St m polar (-t
1
Vium polar (—1)"
2
Viu axial (—1)!
1
Tom polar (—1)L
2
Tim polar (—1)"
3
Tom axial (—1)L+1.
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Axial perturbations

TR Bt B, Tt DA P e TP AN T A Tt S O S I T vt s P st s M - PR, v o o o s Pl
Where:
(0 0 —hot.r)——2EM p e )y sing XM - )
sinf  dg Xm0, ) —2<a_98_YLM_COt9%YLM>
B 1 aYLM . 8YLM 52 2
- 0 0 h1(l‘,r)sin9 P hi(t,r)sin6 9 W0 = (a—ngLM—cotG(%YLM—Smle%YLM
x o« 2ho(t,r) L xiu —Sho(t,r) sinOWpy
sin B | Use gauge freedom
\* * * 2h2(t,r)sm9XLM)
to set h2=0
s
The linearized o7 0=Rilw, i tr) = ma—ho——wv)hl)
equation are: R 0=Ru(ho.hi.t.r)
1 (@ 3%he 20k et
Apparenfly 3 B B(r)( 512 otor | r ot >+r_( (L 1) =2
equations with R 0=Rsho, h.t.r)
two unknown Lo 0 20N 1D g lL<L+1> h
2 or? otor r ot r2\ or 0

where B(r) = (1 —2M,/r).
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The Regge Wheeler equaflon

Eliminating ho and defining QL B(r) = (1 —2M,/r).

1 1
0L(t.r) = ~Br) (h)rw (t. 1) = ~ Bk (t,7), b= (2,

using the tortoise coordinate x

x=r+2M,In L—1
2M,

We get the equation

oM, )[L(L +1)  6M, }

Viw () = (1_r<_x> r@2 ()]

3° 3°

ﬁQL(t , X) — 8—QL(f , X)+ VRw(x)Qp (2, x) =0,

That is a wave equation .... for QL
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Solving RW in the frequency domain

w oy ohy TN m*mwmm'ifﬂ'ﬁﬁ"'“m“:m‘:*!"”'“"i"‘:hﬁ-ﬂ'““‘?‘""“""'H: T . - ~ e

Since the potential is positive we will not have bounded
solution and we have to look to a wave like solution that
at the two boundary behave like outgoing waves. In the

frequency domain: |
Qr(t,x) = e_“"tx(w, T)

The function should be a solution of the eigenvalues

equai'lon: (_5;2 i VRW($)> x(w, ) = w?x(w, )

Fulfilling the boundary condition: (., ) — ¢ for 2 — oo

x(w,z) — e for x — —o0
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QNM of Schwarzschild BH
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The solution of the above problem are by
definition the QNM of a Schwarzschild BH

O J\L\ I #‘*
21 -~ "|=2 diamond
A " f/
_4_ Jr+ jl
-’ 6 f
e O gl 3 crosses
8L j/
Re(wM)= \
-10 ¢
12}

06 04 02 0 02 04 06
Re (wM)

Parma International School of Theoretical Physics, September 8 - 13, 2008

n|é=2 (=3 (=4

0 | 0.37367 -0.088961 | 0.59944 -0.092701 | 0.80918 -0.09416 i
1| 0.34671 -0.273911 | 0.58264 -0.281301 | 0.79663 -0.28443 i
2 | 0.30105 -0.478281 | 0.55168 -0.479091i | 0.77271 -0.47991 i
3 | 0.25150 -0.70514 1 | 0.51196 -0.690341i | 0.73984 -0.68392 i

A

)

Where:

X(Wn,x) — e

X(Wn,x) — e

—lWn X

+ 1w, x

_ e—iwntx(n) (.CE‘)

for  — +o0

for  — —o0
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Why the name quasi-NM

B2 B Tt PSS P ST T a4 ety S I LA I v g Ll el P

e, A

At first sight we have reduced the problem

of the evolution of a perturbation to a mode-
expansion.

Unfortunately this is not the case since it is
not possible to write a generic solution
fulfilling an initial condition just in terms of
Quasi-Normal-Modes.
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Parma International School of Theoretical Physics, September 8 - 13, 2008

Laplace Transform:

= + . . . a0 FaL S L ML - - - .y
WETEIRR S Bn i Tt g AT o s D T 4 A Pt T T R e e et Y s A = AR, e > - . g, ool

The technique that allows us the possibility to analise

the problem is the use of the Laplace transform instead

. B . %
of the Fourier one: (s, ) :/ =5 01, x) . AT
0 s-plane |,
1 £+100 R \ gl)
Its inverse is: Q0.0 = 2—mf e f(s,x)ds, v /

—

And the solution of the problem is given in terms of the

solution of the following homogeneous equations:

(5,200 + (=5 = V(@) f (5, 2) = Z(s, %),

00

with initial data given by: (¥ = =S 0l - EIRRN
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Laplace Transform:

ol h m‘hm‘mm"{mh.“ H:Hﬂ!l-hu-mﬂi!-dli 'vﬂ_".j."_.!,ul'-.:l T o

3 T Rarulii

There is a very standard technique to solve for an in-
homogenous equation.

Find two independent solution of the homogenous:

(s, x) + (—S2 — V(x))f(s, x)=0

X- min(x’, x).

X- = max(x’, x)
Denote this two solution as f+ and f- |

Construct the Wronksian W(s): f_(s, x) f/(s, x) — f(s, x) £ (s, x)
The Green-Function is:

G(S,X,x/) — %][(S,X<)f+(s,x>).
The final solution is: >
£ (s, x) :f G(s,x,x)I(s, x")dx’, J- stays bounded as ¥ = —co

f+ stays bounded as x — +00

Parma International School of Theoretical Physics, September 8 - 13, 2008
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Inverse Laplace ’rmnsformmg

SRS Dohin 4 Tt DS Prrm G DA T $A Pty S I S ST K e SNt s e NER e b
1 £+100 : S :-T .

Q(t X) / G(SXX)Z(S X)dx ds (5,2, x7) = W()f (s, x2) fe(s, xs)
27i - |

;‘-).C<\ = IIllIl(x x)

27“5£ W (s )/ S~ (s, %) fo (s, x5) I(s, x7) dx” ds :*3.6?..,_.\ max (e _xl'

Sq)/ fo(sq, x2) fe(sg, x2) Z(sg, x') dx’.

Syt 1
= E e’?" Res :
. W (s)

Q(t, x) =) cqug(t, x), ~ s-plane

q o 2T S
/ \
/ \
| ~ L
C f (s;, x)Z(s,, x")dx’ \ ’
q ’ ’
dw (sq) /ds ! ! \ /
N 7/
) S
uq(ta x) = € f+(SQ7 X),
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A real case from numerics....

METELIRE S Baan i Tt S AT P e i P T 4 A Pt S O Y et Y e s ¥ e s A= BAVER,  regr o g g kit
—4
10 . | . |
‘ ‘ s TIME DOMAIN
Scattering of a Gaussian FREQUENCY DOMAIN ,x10° , ,
pulse of odd-parity metric )
perturbation by black-hole
-6
and relativistic stars 107
models
=
TR
_2 10 L
o0
=2
10—10 i
-~ Model B
_ g 1 - - -Black Hole
S. Bernuzzi, A. Nagar, R. De Pietri, 10 ' ' ' ' ' :
Dynamical excitation of space-time modes of 50 100 150 200 250 300 350 400
compact objects, arXiv:0801.2090 u
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Unfortunately not so easy...

WA B =l T W R T Tty s P BT I A Ve NSt s . PR _ rar
For Black Hole perturbation b
. . 8| = o T
f- is analytic S
I

Unfortunately f. is not: w
Due to the fall-off property > _~™ |

B L X C KoM XM RN M

................................................
T AR KIS X
B e R R e A o i S LR el

F l l I | ° l negs

f+ has an essential singularity at s=0.

f+ has isolated singularity along the
negative s-axis

Other contributions to the inverse Laplace

transformation O(t, x) = Z c Uy (t, x) + (other contributions).

q
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QNM of Stars: do the same of BHs

. w oy ohy TN mﬁﬁ.&hmﬁ o ¥ o Py o= % H:Hﬂp_u.hiiL.va.._,.!‘_M-..a"‘.;!'ﬂ“ : = Ny
Linearize Einstein equation: 5 (G5 _ 87T4GT5> _o.
C

Around a solution of the TOV equations. 5(T8 ) =0,

We will have two cases:

1 3 82 82 eV
Axial perturbations: 9.+ 7.+

L+ )r+1r°(p—p) —6M] =0

r3
' : 1925 928
Polar Perturbations: - S g+ LS F O =0,
S and F meftric perturbation
1 O*°F 0*F
H density perturbation 2o T ap, TS G =0,
1 0°H 0°H

— Ls(H H',S,S" F,F' 0)=0
(Cg>2 aQt +82T*+ 3( ’ s My s Ly 7) 9

0*F
0?r,

+ a constraint: + L4(F,F',S, S H,0) = 0.

° 0 v—A>A)/2 0
Whereo 8—7“* — 6( )/ E
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QNM of stars

- TP P Tt g Prwe s B BEDAN TS o Aty " P e i v F oy ey et Sl uu%‘;'#“*“_‘mww
Clearly, outside we should only consider metric

perturbations.

Explicit form in: Kind, S., Ehlers, J., and Schmidt, B.G.,
“Relativistic stellar oscillations treated as an initial value
problem”, Class. Quantum Grav., 10, 2137- 2152, (1993).

QNM mode problem even more complicate:
Outgoing wave condition only for r—eo
We have to impose boundary condition at the origin and at the
boundary of the star

S=0 is the Cowling approximations. .... Not working very
well ...... see: Dimmelmeier et all. Mon. Not. of the Royal
Astron. Society, 368, (2006) 1609-1630.
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W-modes (gravitational modes)

BSERe Bl L Tt gt A P s A 8 Rt S T T T R vt e e Y et e s A BV, rvgr on .

Since in General Relativity the metric is a ﬁeld we will have
gravitational modes that have no counterpart in Newtonian
Physics.

These Space-time modes are called W-modes
They are different from the QNM of a Black Hole of the

sSame Mmass.

n Vn2 [Hz] Tn2 [ps] Wn2 n2 n vn2 [Hz) Tn2 [ps] Wn2 Qln2
0 9497 32.64 0.29393 0.15091 0 8624 77.52 0.2669 0.0635
1 16724 20.65 0.5176 0.23853 1 8002 25.18 0.2477 0.1956
2 24277 17.21 0.75136 0.28621 2 6948 14.42 0.2150 0.3416
3 32245 15.43 0.99796 0.31923 3 5804 9.78 0.1796 0.5037

K=56.16 =2 polytrope vs a same mass BH ...

It is possible to discriminate BH from Neutron stars.
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eraihes. mihwmmn&ﬂﬁ" et Lt LR ¥ R

QNM of Rotating stars...
.:..@N_eXample

Better way to compute modes (instead of the Cowling approximation) is to
use the CFC approximation (no gravity) making full 3D time simulations [*].

One can study the dependence on the rotation state of the frequency.

5 .0 R T T T T T T T T T T T T T T T 7 ., T [TTTTTrTTT [TTTTTrrTT [TTTTTTrTT [TTTTTrrTT
4 ] F izf — [ =0 perturbation
- h .
I --- [ =2 perturbation
with trial eigenfunction

B P, — differential rotation

—— uniform rotation

f (kHz)

F
[ F B Vf zpli;"\l H,
1.0 i2 i - — :.I
e e : X i
- //’c/:/:::’// i | M e
gt S R
0.00 005 0.10 0.15 020 : : - . . .

f (kHz)

Dimmelmeier et all. Mon. Not. of the Royal Astron. Society, 368, (2006) 1609-1630
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Issue related to QNMs

w oy ohy TN m:ihw”%"{‘hﬁblﬂH“:H*t.-"whui'!.‘:.w?““‘.""H"‘ A . . ~ e

Completeness:

We expect that QNM do not form a complete basis for the

perturbation. For Schwarzschild [Leaver 62] this is due to a branch cut
in the Green function. Power-law tail

Stability of Schwarzschild:

Vishveshvara ‘70 showed that the imaginary part of the QNM
frequency is always negative

Wald ‘79 showed that if the imaginary part of the QNM frequency is
always negative all perturbation remains bounded

Some evidence for Kerr Black Hole

Valeria Ferrari & Leonardo Gualtieri: Quasi-normal modes and gravitational wave
astronomy: Gen. Relativ. Gravit. 0001-7701 (Print) 1572-9532 (Online)
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Frequency of mode depends on the EOS

METELIRE S Baan i Tt S AT P e i P T 4 A Pt S O Y et Y e s ¥ e s A= BAVER,  regr o s P i g ol

Frequency of the fundamental mode for different realistic

EOS - | | | f-mode fTequency |
G240 Relativistic Mean 7l
Field Theory ol |

22 |

—

o
—_
[ —

Non relativistic Hamiltonian
describing the Electroweak - °| /

(KHz)

\Y

APR1

equilibrium of neutron, AP
17k APRB120 —s— |
proton, muon, electron BBSt —— |
APR1...APRB120: three body Urbana IX [ — > s s > 22 s »
BBSI1, BBS2: three body Urbana VII MM,

STRONG DEPENDENCE ON THE USED EQUATION OF STATE
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Two-bodies problem and GWs

e LS R R T Tt e et bt gt i Latanie - PO

I
Gravitational waves s R o )

| g
™ wco " "FN T FNorcL

" VW e &

,\/\/\/\/\ /\A/\ A S
AR AATAVAIAVEY \/VV gESE

‘“inspiral” ‘“plunge/merger”’ “ring-down?”

L e i
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Black Hole Merger results

PHYSICAL REVIEW D 73, 104002 (2006)

PSP R A M L Tt A Prma e DAY S8 Tty 5 OV EES GRS OV st s e By

INSPIRAL

RING DOWN

03

0.2

AEI simulation
arXiv:0712.3003

0.1

|

y/M

- RI1

R2
R3
R4
Merger

0.1
0.04 |- --- Rl _
U A —- R2
02 | 20,0025 - n -
RN ! U 600 5007300300 300 100 |
—03f oy, | ::: 0.02
1 1 1 1 1 L i
1200 1250 1300 1350 1400 1450 1500 1600 5
tNR 0
o
Exponentially dumped ;
0 0 _ | | U | _
oscillation (QNM) ol :
(/M
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Inspiral part of the signal: ....

APPSR

INSPIRAL | RING DOWN

@ Post Newtonian approximation ....

® ... Damour EOB (Effective one
body) waveforms for the two
bodies problem.

m See Damour-Nagar about
matching Numerical-Relativity Exponentially dumped
waveform and EOB ones. oscillation (QNM)

Parma International School of Theoretical Physics, September 8 - 13, 2008 Roberto De Pietri: Introduction to Numerical Relativity 4
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| RING DOWN
.g ﬂ

INSPIRAL

0.3F

.

0.04
U 0.02
7 R : U
-0.3 EOB I |
R IV Lo <

1200 1250 1300 1350 %400 1450 1500
NR

Exponentially dumped

oscillation (QNM)

-0.04

QNM part of the signal: 1D codes

DAL o i L, Tt G A Promar o PE DA Sty 51O S L R s e 5V b e MR e

e

-

-400  -300 -200

-100

-150
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MERGER part of the signal: 3D codes

mmmmnﬁﬁ*'“MWbmw**iwmqneA-hog,,.. 50,0 A e T g S A

INSPIRAL W RING DOWN

-

Merger/
PLUNGE

I |
L
0— : : - T T T | T | T ]
I |
I |
ot |
-0.1 L !
o 0.04 - ) B
| : - R2
02 | RS
; — R4| A
NR L [ 1 l l | | 1L
W, v v 600 500 -400 -300 200 -100 |
—03f FOB ! | 0.02
R I L

1200 1250 1300 1350 1400 1450 1500

! 1600 57
NR

Exponentially dumped
oscillation (QNM)

Merer/PUN E

t/M,

0
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Numerical General Relativity

Rl T DR S S G e
sty e %QWR = 871G 1.,  Einstein Equations
Ngtea 0 Conservation of energy momentum
Vu(pu#)=0 Conservation of baryon density
p = p(p,€) Equation of state

Introduce a foliation of space-time
write as a 3+1 evolution equation

solve them on a computer ! 7% = (p(1 +¢) +pjulu” +pg™

Parma International School of Theoretical Physics, September 8 - 13, 2008 Roberto De Pietri: Introduction to Numerical Relativity 7
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HSTEIEE A Bl L Tt BT P S DAY S ety = I ST AL Vs e SN st b A e BN e

Why Numerical Rela’rlvn‘y is hard!

DTS

No obviously “better” formulation of Einstein's equations
ADM, conformal decomposition, first-order hyperbolic
form,.... 227

Coordinates (spatial and time) do not have a special

meaning
this gauge freedom need to be carefully handled
gauge conditions must avoid singularities

gauge conditions must counteract “grid-stretching”

Einsteins Field equations are highly non-linear
Essentially unknown in this regime

Physical singularity are difficult to deal with
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pie © - . > 2 . PR W 'Q!.._‘__._‘u-;.;~ " B & B - Pl ’
e o B0 A Tt G oo S AT DA A AT XL "haguacs? B b e PIVER a0 0r n :

— (o — B;8")dt* + 2B;dx*dt + ; ;dz'dz’

3+1 formulation

Z(T.On)

o :: lapse

>(1)

ﬁ’i :: shift vector

B =(0)
Zl . .

T

|l B e e = Tl o bR
to the ipersurface

N* g

oxrH o

ot

o

J

o
oxJ

Parma International School of Theoretical Physics, September 8 - 13, 2008
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ADM evolution

.. N T W “Q',,..-,,'..casM;&Qg.......,ﬂisqu..,g,..uwa‘“&."*“ o S
O = 20l NGB Y 5, (2.1) 6 equations
P for the metric
- TR o s Al | m

ORy = —ViVjoto|Ry+ K Kij — 2KimK; +6 equations for the

5 2 time-coordinate
1 e T

_ &1 ( S 5%3. S) — AT o Yis derlv.a’rlve of: 'rl:te
metric (extrinsic

—I_ﬁmvazg St szvjﬁm 5E ijvzﬁm curva’rure)

(22
Hamiltonian + Momentum constraints

BR+ K? - Ki; K" — 16mp,p,, =0

+1 constrain equation

AU S KN e O
Vgl v ep e VG iz it +3 constrain equation

Parma International School of Theoretical Physics, September 8 - 13, 2008 Roberto De Pietri: Introduction to Numerical Relativity 10
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ADM evolu’rion IS not stable

.\- WMMWW emunm“l’ ‘ .. e 2 sy - u“"l.‘, ’vw .’ ‘I' ¢'~", .‘

Use BSSN rewriting of the evolution equation
dp=—1aK+B'op+Ld B
d,K=-g"VV a +(x(Al.jA’f +1K)+B'0.K
9,8, =-2aK, +g,0,"+8,0 0 -2g,9,B"
91 =-24"9 o+ 20(T, e 2o K+6479 P)+
+ B, I -T"0, ' +2T79, 8" +1879 .0,8" +8"0 .0, B
0,4, = (-(VV.a)" +aR]") +a (4..1< o A )_ 9,0 0 +
+ﬁkak2ﬁ+@ikaj+2jkai)ﬁ" 2A ak/3

or Use Harmonic evolution equations

Parma International School of Theoretical Physics, September 8 - 13, 2008 Roberto De Pietri: Introduction to Numerical Relativity 11
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Other schemes (beside BSSN)

e L N DA R R LRSS S b et S e Laianie - DI

80s 90s 2000s
95 99

See Hisa-aki Shinka,
Formulations of the
Einstein equations for
numerical simulations,
arXiv:0805.0068

for a review.

87

= ,

;

Nakamura-0ohara

Shibata-Nakamura | | Baumgarte-Shapiro e

62

ADM

adjusted-system

PennState

I
I
I
I
I
I
I
,
S
v
‘I%’

( Caltec

\Z./

- |
\\* \‘
s e - g:ggg: NCS A BSSN-code AEI ‘\
Bona- Masso| = | A1cub1erre|
95-97 R
ChoquetBruhat-York Anderson-York
."\\ 01
®Cornell-Illinois Kidder-Scheel
/ -Teukolsky
Frittelli-Reula
O e e =
o ~Ger> (i
99
lambda-system
97
86 Iriondo-Leguizamon-Reula 99
Ashtekar 3= | Yoneda-Shinkai

Parma International School of Theoretical Physics, September 8 - 13, 2008
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Situation NOW: from 0805.0068

2001

so-called BSSN

62

87,95,99

ADM

BSSN

PennState

/
hyperbolic formulation , I

92

Bona-Masso

(4

2005

!

/
/
/

24| Nagy-Ortiz

1] Kidder-Scheel

-Teukolsky

5| -Reula

o Z4-QBona et.al

921 harmonic

99

lambda system

ol

L e e Rt Aanianie . PSR S PR NeR et FE

UTB-Rochester
NASA-Goddard

PennState

BSSN is “well-posed” ?
(Sarbach / Gundlach ...)

g

-)

N\ [Z4-1ambda

05

| g
-

asymptotically constrained /
constraint damping

01

87

Detweiler

/

7“———_____L_ (Gundlach-Calabrese)

s

'I- Kiuchi-Shinkai
02 "’. .—’” >

adjusted-system

\02 adjusted ADM

>

Parma International School of Theoretical Physics, September 8 - 13, 2008

adjusted BSSN |(Yoneda-Shinkai)

(Shinkai-Yoneda) o--o
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The problem of foliations.....

Fa e = L g —y : »
o M A Tt BT o GG ST T A A Tt O RIS e 2 Y o et Ve s A e AR, e aren s AR

Schwarzschild in Novikov
Coordinates

.. @ Geodesic slicing (a =1, ' = 0)

(8" = 0)

excision/puncture evolution

1+log Oy = —2a(K — Kpy)
| 3 e .
Gamma-driver 5’752 D= Zoﬁtfz — 200"

Parma International School of Theoretical Physics, September 8 - 13, 2008 Roberto De Pietri: Introduction to Numerical Relativity 14
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Code Used

PRBTELTRE A B L, 72 ST oot DA 485ty O BT I I S e SN ot e 6 12 VR 20,00 1 i i DLl LIS

®m CACTUS/BSSN: (www.cactuscode. org)
Mainly developed at AEI (Golm, Germany) and LSU (USA)

W WHISKY: (http://www.aei-potsdam.mpg.de/~hawke/Whisky.html)

Whisky is a code to evolve the equations of hydrodynamics on curved
space. It is being written by and for members of the EU Network on
Sources of Gravitational Radiation and is based on the Cactus
Computational Toolkit.

[ Gauge choice for the lapse and shift variables:

1+log Oy = —2a(K — Kp)

3
Gamma-driver 073" = _aatr’b — 28,3

Parma International School of Theoretical Physics, September 8 - 13, 2008 Roberto De Pietri: Introduction to Numerical Relativity 15
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http://www.cactuscode.org
http://www.cactuscode.org
http://www.aei-potsdam.mpg.de/~hawke/Whisky.html
http://www.aei-potsdam.mpg.de/~hawke/Whisky.html

Cactus = Infrastructure + GR

PSSR A BIan 4t GRS ot DA T 88t SO0 ST I R 0 2 SN st e 6 2 BANCR o 10,0 1 i i DTS B RIS

AT = ARG e g o Ol )

8th-j —Vivjoz -+ Rij = K Kij Say 2szK;n

: :
— 37 (Si:,- = §%'js> — 47D\ Vig

A | f (2.2)

Hamiltonian + Momentum constraints
2 3 2 ) -
I e Gnp, =0
: R Emi2 i i
AN a8 — ()
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WI-IISKY = Matter evoluflon

WMMWMO 0 A Ty < IV ST X Ve Dlaguat® B s 0+ P ER v 2200 A

er’re hydrodynamic equa’rlon in a flux r
COﬂserVinve form [*] J. A. Font, Living Rev. Relativity 6, 4 (2003). ?‘_g i

Use HRSC methods to solve the equations —

e Y 8:q + 0;f D (q) = s(q)
td 0 q) = s{q
Vulput) =0.
= (D, S, 1)
il —phuu' | pg-” B 0l = oWps;
Sle= hW "
g oL e
0 TEﬁ(phW —p)—D
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Stable evolutions of stable star!

WWW,“{“&-um‘ca&cg...x..,ﬂi-uwv..‘q‘-mw.'.v‘p - N i ol
p'ci:)/ p<(0) i funcfllon of f. for sfatl:le ot 10  p(0y.0)

1.01 ;ll' A UM f\‘ﬁw\)’\o\m ......... _

O.bP . . ' .

0 .50

[1] Dimmelmeier, Stergioulas, Font: astro-ph/0511394
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Computers for Numerical Relativity

mevwmi—'*‘-”"&'a.'.czm-w"'-“lwv-«!n-M"a..,w...,, bl g -1 £ oo DR

m standard workstation nodes:

S
2
e.g., biprocessor Opteron/Intel nodeot gl S
with 4-8 GBytes of RAM 10d=02 MM -
. 9
m Fast interconnection, e.q., ==t nodelé a
Infiniband =28 £
: .: o Front-end
m A front-end workstation
228 U13
= MPI communication Library
@ Huge storage space to save
results of the simulations
See Movie

@ WE NEED A LOT OT MEMORY !

-40 -20 O 20 40

Parma International School of Theoretical Physics, September 8 - 13, 2008 Roberto De Pietri: Introduction to Numerical Relativity 19
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http://www.fis.unipr.it/numrel/BarMode/MovieUb11carpet.mov
http://www.fis.unipr.it/numrel/BarMode/MovieUb11carpet.mov

NASA Goddard
(2005)

0.04

0.02 —

0.0025

JIBW ermm S VSl st mesd g Ay, e

-400 -300 -200

-100
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.

Computers for Numerical Relativity

WWMudM ' berw sy

PHYSICAL REVIEW D 73, 104002 (2006)
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Parma International School of Theoretical Physics, September 8 - 13, 2008

Code scaling on MPI clusters

Roberto De Pietri: Introduction to Numerical Relativity

o’ = . - C” | ] Mok s :' ) - m v o -y, ,
PSS LR A e L, Tt GBS Prrara S AN S Sty 5INPT v e s PN stk A AR g A S
Total time for simulation UNIGRID Total time for simulation 3Level
9 L T T L) L) L) 2 L) L T LJ L)
—&— Portland
1.9F .
8 Intel [ .
7 /Q\’V' 16} -
- . ~h
Ea s 1.7} .
E ol 1 e
& © 16} B
g n /
=4 c
- SF - = 151 e
o o
3
B 4| _ 3 141 -
B g 15} :
1]] 3 L - (17}
1.2F =
2r f T 1.1} .
g
1 _0 1 1 1 1 1 1 l Ly 1 1 1 1 1
0 20 40 60 80 100 120 140 0 50 100 150 200 250 300
n n
p P
10 Total time for simulation UNIGRID : Total time for simulation 3Level
. Ll L T L} lp rtl d L Ll L} L} L
1 e = rotand | 0.9} .
Intel
N 0.9F - =& 0.8F .
= 08t . 0.7t .
= <"
= e
% 0.7F - § 0.6F =
2 06} . ta 0S¢ .
-
= 05} . T o04f .
g 2 s \9
e 04} é - ® 03F -
= @ £ Iy
0.3F \‘.\ - Won2t .
0.2 e - 0.1F .
IBM BCX/5120, con 5120 processori 0.1 " ! ! : : —_—_T"E) 0 ] " ! ! :
Lo scorso novembre, il sistema ha portato il Cineca alla 44a 0 20 40 &0 a0 100 120 140 0 50 100 150 200 250 300
posizione nella prestigiosa lista TOPS00 che raccoglie i n n
server di calcolo pin potenti al mondo. p P
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Numerical relativity at work

Neutron star merger: low-mass merger 'ro NS + disk

WWM"QH’ ”M&c’.& -e h",’.u"o“‘- ma"“‘:'~“ ; w

T[ms] =

0.00

I

T[M] =

Parma International School of Theoretical Physics, September 8 - 13, 2008

0.00

See Movie

Roberto De Pietri: Introduction to Numerical Relativity

1T TTT

low mass

T
i o Vi |
. . ;'A‘JI 1 ~
- - : N\ : -
- - ,./\l\; | :
B AR r'l {\)J : ]
i L WY i |
- : ?\JUI/ |7 | |
E ISHV 10I I'1.5‘ 20 i E

|

Il

| 11

!

()]
O =

Credits:

R. Kaehler & B. Giacommazzo

& L. Rezzolla

http://arxiv.org/pdf/0804.0594
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http://arxiv.org/pdf/0707.2559
http://arxiv.org/pdf/0707.2559
http://numrel.aei.mpg.de/Visualisations/Archive/BinaryNeutronStars/Relativistic_Meudon/index.html
http://numrel.aei.mpg.de/Visualisations/Archive/BinaryNeutronStars/Relativistic_Meudon/index.html

Numerical relativity at work

Neutron star merger: high-mass merger fo BH + disk

T[ms] = 0.00

I

T[M] = 0.00

Credits: R. Kaehler & B.
Giacommazzo & L.
Rezzolla

http://arxiv.org/pdf/

0804.0594
B .
See Movie

luction to Numerical Relativity
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http://arxiv.org/pdf/0707.2559
http://arxiv.org/pdf/0707.2559
http://arxiv.org/pdf/0707.2559
http://arxiv.org/pdf/0707.2559
http://numrel.aei.mpg.de/Visualisations/Archive/BinaryNeutronStars/Relativistic_Meudon/index.html
http://numrel.aei.mpg.de/Visualisations/Archive/BinaryNeutronStars/Relativistic_Meudon/index.html

Numerical relativity at work

Neutron star merger: high-mass merger to BS + disk

T[ms] = 0.00
[ms] (Ideal Fluid EOS)

T[M] = 0.00 Credits: R. Kaehler & B.
Giacommazzo & L.
Rezzolla

http://arxiv.org/pdf/

0804.0594
Different EOS
See Movie
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http://arxiv.org/pdf/0707.2559
http://arxiv.org/pdf/0707.2559
http://arxiv.org/pdf/0707.2559
http://numrel.aei.mpg.de/Visualisations/Archive/BinaryNeutronStars/Relativistic_Meudon/index.html
http://numrel.aei.mpg.de/Visualisations/Archive/BinaryNeutronStars/Relativistic_Meudon/index.html

SNR BH-BH @ 100Mpc

¥ 04 Tgeay <= ' IV ST LR X Ve 0w GW strength h_= h n'e

.................................................

...............................................

.............

~ 1074 M /M

Two BH of total ADM mass 1hsun

(15, (1]

..............................

....i..;.i.t........

L|K04k : . . ..... : ....... :_
adv.LIGO [ : IR | SUSHOR N IR
Quad Si [,-% @ : : : P :
Dual Mo \ ..................... ............ ........ ..... \ ....... \_
DualSlC . ) S ) 5 5 ) ) 5

10°

f (Hz)
: : | : : PHYSICAL REVIEW D 73, 061501(R) (2006)
o 02 04 06 08 1 12 “Last orbit of binary black holes” M.

E{ms)

Campanelli, C. O. Lousto, and Y. Zlochower
(¥'to be scaled by: 0.5, /M )
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SNR 3M+3M @ 100Mpc

B A Tt GBS Prnara it DAY 8T S O T A T e s S N o st e b e BTNCT 10t o i i TSPl s Vg B

...................................................

(5, (N1

— -VIFIGO
LIKO4k
Ady. LIGO

Dual Mo
Dual SiC
o | | = iy £ IR
10 rn E——— r H H H IS T |

quadsi gl R

10° 10
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R?

RLY) |-
F- df Shh(f)

SNR Dual SiC=1.4
SNR QUAD Si=3.9
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Two bodies merging of NS-NS

% ¢ - = . , o= @ g L P - = ; - o » == !
e i A, Tt GRS P DA S 5905 5= O S S G v b SNl it s e AR o\ P e I

Shibata et all., Phys.Rev. D71,084021 (2005)
Shibata-Taniguchi, Phys.Rev. D73, 064027 (2006)

Model Mo (M)
APR1313 1.30, 1.30
APR1214 1.20, 1.40
APR135135 1.35, 1.35
APR1414 1.40, 1.40
APR1515 1.50, 1.50
APR145155 1.45, 1.55
APR1416 1.40, 1.60
APR135165 1.35, 1.65
APR1317 1.30, 1.70
APR125175 1.25, 1.75
APR1218 1.20, 1.80
” 7 SLyl1313 1.30, 1.30
R + R SLyl1414 1.40, 1.40
AR ) \/ 2 <\ /100 Mpc SLy135145  1.35, 1.45
W e . SLy1315 1.30, 1.50
£ 031 km r SLy125155 1.25, 1.55
SLyl1216 1.20, 1.60
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Simulation APRI1515
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Simulation APR1313
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Simulation APR1313
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/N for the merger phase

S/N DUALSIC 7.4624

S/N DUALSIC 3.7731
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Blu-line is EOB
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See Movie
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Numerical relativity at work
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http://www.fis.unipr.it/numrel/BarMode/MovieUb11carpet.mov
http://www.fis.unipr.it/numrel/BarMode/MovieUb11carpet.mov

Elipsoidal figures of equilibrium
(Newtonian)

AL A s A Gt SR P S DA T $ A Tt = Readatitme £ 2 ST S g L SN2 S
Eigenvalue of

the m=2 mode

Axisymmetric configuration
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o e) & \/4B1(e) — Q2(e)
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g 0 3 3v1 — e2?
P W] et 2¢2  2earcsin(e)
— Dedekind = Jacobi |
Q=0, >0 § Q>0, =0
S
o = (1 — ¢e?) 5 2 (3—2¢?) \/1 — e? arcsin(e)

= 36—56 +2¢e® + 1 — e2 ( 3+4e ?) arcsin(e)
| ! | ! | ! 11 —

0.2 0.6 1.0 0.6 0.2 4 65
%/4 Ratio of the axes on the xy plane
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Simulated models .....|
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M/R

[1] Shibata, Baumgarte, Shapiro, ApJ. 542,(2000)453.
[2] Stergioulas, Apostolatos, Font: Mon. Not. R. Astron. Soc. 352(2004) 1089--1101
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[1] Shibata, Baumgarte, Shapiro, ApJ. 542,(2000)453.
[2] Stergioulas, Apostolatos, Font: Mon. Not. R. Astron. Soc. 352(2004) 1089--1101
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Movies
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http://www.fis.unipr.it/numrel/BarMode/MovieUb11carpet.mov
http://www.fis.unipr.it/numrel/BarMode/MovieUb11carpet.mov
http://www.fis.unipr.it/numrel/BarMode/MovieVault/Ub11sim1036.mov
http://www.fis.unipr.it/numrel/BarMode/MovieVault/Ub11sim1036.mov
http://www.fis.unipr.it/numrel/BarMode/MovieVault/Ub13sim1053.mov
http://www.fis.unipr.it/numrel/BarMode/MovieVault/Ub13sim1053.mov

5= 0.2743

Simulation Ubll

(Movies: http://www.fis.unipr.it/numrel/)
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http://www.fis.unipr.it/numrel/
http://www.fis.unipr.it/numrel/

3 = 0.2821

Simulation Ubl3

(Movies: http://www.fis.unipr.it/numrel/)
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http://www.fis.unipr.it/numrel/
http://www.fis.unipr.it/numrel/

First Method
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a0,
5/02(377?% Z) == 52 (

Parma International School of Theoretical Physics, September 8 - 13, 2008

RO B A an A Tt GBS P St oDt 18 K79ty S O LT I I Y e s SN st b e b B BINCR 0. o1 i i ISR Bl s i B
Model B| mnotes| t; ts|m B B [ - |
ms ms|(max)|(ms) Hz
S6 0.240{0 = .04| 3 9]0.02 | — 740
S5 0.245(6 = .04 3 9]0.02 | —— 705
S4 0.250(6 = .04| 3 9]0.03 | —— 656
S3 0.252{0 =.04| 3 9]/0.04 | — 611
S2 0.253{0 =.04| 3 9]/0.05 | —— 588 time (msec)
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Un-perturbate dynamics at the threshold
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Second Method
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Instability Diagram in full GR

(0 fo+fe(B = Be) +f (B — Bc)*
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Model Bl ti ty TB
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Extending parameter space
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Conclusions

BN T T e o Rttt b N Laanie - PR SR e ST

Numerical relativity is ready to simulate real
physics
A lot of work to do:

NS-NS merger with realistic EOS
MAGNETO-HYDRODYNAMICS

INSTABILITIES of isolated stars

Accretion driven collapse (of a NS to a BH)
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