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ABSTRACT

The Two�Dimensional electrons in heterostructures is a unique many�body sys�
tem with extreme features �high mobility� small electron e�ective mass� small
Land�e factor �g�factor�� etc��� On this system Quantum Hall E�ect �both Inte�
ger and Fractional� can be observed with high accuracy � We think that a lot
of theoretical work has still to be done for a satisfactory understanding of this
phenomenon� Therefore much emphasis will be put on the experimental work
done in the last ten years� The most popular theories are brie	y sketched�

� Lectures given at the

th National Seminar of Theoretical Physics

Parma� ���� September �����



� Basic language

We assume that the system consists ofN electrons con�ned in the x�y plane with massm �
���
�me� polarization constant � � �
� g�factor � ������ density �� � 
 ���� � � � � ���� cm��

�low density in Ref� ���� and high mobility � � ���cm���Volt sec� �for the heterostruc�
ture AlxGa��xAs � GaAs� in other heterojunctions the parameters can be quite di�er�
ent� GaxIn��xAs � InP ��� 
� �� has m � �����me� jgj � ���� �� � ��� ���� cm�� and
� � ���cm���Volt sec�� With di�erent doping the charge carriers are holes� In Si�MOSFET
m � ����me� � � 
�

 ���cm���Volt sec� � � ��� �� � � ���� � � ����� cm�� ����� Fig� � gives
the geometry of the experimental setup �Hall bar and Corbino�� Fig� � shows the energy
band structure� The results of a typical magnetotransport experiment are shown in Figs�

 and �� The plateaus in the Hall resistance are described by

RH �
h

�fe�
� �����

where �f is an integer �IQHE� ��� or a rational number q�p with p odd �FQHE� ��� �apart
few exceptions� �f � �����

Mutual interaction via Coulomb and interaction with the constant magnetic �tilted by
� from the z�axis� are then described by the Hamiltonian �second quantization�� For Bloch
electrons� minimal coupling for Bloch electrons� Wannier functions and all that see Ref�
���� chap� ��
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�interaction with the uniform positive background distributed over the domain A is in�
cluded� where the electromagnetic potential describes only the perpendicular part of the
magnetic �eld�

A � ��B�y� �� Landau gauge

A �
B�

�
��y� x� symmetric gauge� ���
�

Spin indices will be neglected from now on� There are natural units of energy and length

�h�c �c � eB�

mc

� �
�

�hc

eB�

� �

�

� �����

thus if we measure energies in units of �h�c� lengths in units of � and �elds in units of ����
the Hamiltonian becomes
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Z
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where


c �
e�

���h�c


p �
g�BB

��h�c
� ���
�

�in most experiments 
c � � and 
p �� �� and

A � ��y� �� Landau gauge

A �
�

�
��y� x� symmetric gauge� �����

Canonical commutation relations are imposed

f��x�� �y�x��gET � 	��x� x��� �����

The construction of the ground state for �f � � is very di�cult since all state with nL �
� are degenerate �see next subsection�� It is believed that single particle approximation
�Slater determinant state� does not work� Nevertheless let us play the game� suppose that
the state is given by

j�i �
NY
i��

�Z
dr�y�r�fi�r�

�
j�i �����

with ffig orthonormal� then one gets easily

h�jHC j�i � 
c
�

X
i�j

Z
drdr�V �r� r��

�
jfij��r�

�
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�
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�
j �r

��fi�r
��
	
�

������
The �rst term is very small if the electrons are distributed uniformly in space� The second
term �exchange energy� is negative and usually large �� 
c�� Of course this depends on a
judicious choice of ffig�

By using Lagrange multipliers we get the self�consistent equation
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�
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�������

From the above equation one sees that the exchange part does not mix spins� a spin up
electron sees only the other up spins �the direct part is usually very small��

Important issues are the boundary conditions and the introduction of an external electric
�eld and of a current� These points will be discussed later�
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��� Free electrons model

In the Landau gauge �eq� ���
�� the free part of the Hamiltonian is easily diagonalized�
The eigenfunctions

�nL�y � k� exp �ikx�� ������

where �n is the Hermite function for the one dimensional oscillator� has energy

EnL � nL �
�

�
� ����
�

nL is called the Landau number and there is degeneracy respect to k �position of the center
of the oscillator�� To �nd the degeneracy we impose some boundary conditions� In a box
with dimensions �Lx� Ly� we require �to be compatible with the algebra of the �eld� eqs�
of motion� etc��

��x� Lx� y� � ��x� y�

��x� y � Ly� � exp �iLyx���x� y�� ������

Thus periodicity in x requires

k � ��
n

Lx

� ������

while the condition in y necessitates the introduction of a set of eigenfunctions

�nLk�x� y� � exp �ikx�
�X

n���

exp ��inLyx��nL�y � k � nLy� ����
�

which satisfy the boundary conditions� Then� if

gL � �

��
LxLy �in units ��� ������

is an integer� k runs over the values

k � �� � � � � Ly�� � g��L �� ������

Thus gL is the degeneracy of the Landau level �for all levels�� It says how many oscillators
one can put on the y�axis�

If we include the spin� the energy becomes

EnLs � nL �
�

�
� 
p ������

The symmetric gauge allows a more complete treatment of the single particle case
�although the results are at the end gauge independent�� Complex notation is useful �more
about this algebra in Ref� �����

w � x� iy �w �
�

�
��x � i�y� ������
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�our notation is the opposite of the commonly used one� w � x�iy�� The �rst quantization
operators�

ay �
�p
�

�w
�
� ��w�

�

b �
�p
�

�w
�
� ��w�

�
������

satisfy the commutation relations

�a� ay� � �b� by� � � ������

�a� b� � �a� by� � � ����
�

and the free Hamiltonian reads

H� � aya�
�

�
� ������

Thus a� ay are the step�down and step�up operators for the Landau number� while b� by

commute with the unperturbed Hamiltonian� The single�particle states can be labelled by
two numbers� nL and nb � byb� One gets easily the nb � � states

�nL���r� � ���nL��
� �

�

�x� iyp
�

�nL
exp

�
�r�

�

�
������

and similarly for nL � �

���nb�r� � ���nb��
� �

�

�x� iyp
�

�nb
exp

�
�r�

�

�
� ����
�

It is useful to introduce the coherent�state operators

S�c� � exp
h �p

�
�c�b� cby�

i

T �c� � exp
h �p

�
�ca� c�ay�

i
������

which can be written in term of translations

S�c� � exp
h
�
i

�
c� r � �z

i
exp

�
c��x � c��y

�

T �c� � exp
h
� i

�
c� r � �z

i
exp

�
c��x � c��y

�
������

and satisfy the algebra

S�c�S�d� � S�c� d�exp
h
� i

�
c� r � �z

i
� ������

T �c�T �d� � T �c� d�exp
h i
�
c� r � �z

i
� ���
��

Notice the useful relation
exp �ic � r� � T ���c�S��c� ���
��
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where
�c � ��c�� c��� ���
��

Since S operators commute with H �the potential V has to be made periodic over the
domain A�� they are good for imposing the boundary conditions

S�L��� � ei���

S�L��� � ei��� ���

�

which are compatible if
S�L��S�L�� � S�L��S�L�� ���
��

i�e� condition of eq� �������
L� � L� � �z � ��gL ���
��

�integer number of quantum 	ux through the parallelogram with side vectors L�� L���

The operators S form the Magnetic Translation Group� The elements S�w� are �xed
by the boundary conditions�

�S�w�� S�Lj�� � � j � �� � �� w �
�

gL
�n�L� � n�L��� ���

�

There is an interesting representation of the MTG� obtained by solving the equation

S�f����nL � ei����nL
S�g����nL � ei����nL ���
��

with �to guarantee the consistency of the above equations�

f � g � �z � �� �� �S�f�� S�g�� � �� ���
��

Notice that for any allowed element w of the MTG

S�f�S�w����nL � ei�
�

S�w����nL

S�g�S�w����nL � ei�
�

S�w����nL ���
��

with

�� � �� f �w � �z mod����

� � � � � g � w � �z mod����� ������

Thus one can start from a cyclic element and then obtain all the others by using eqs� ���
��
and ������

�����nL
� �gL�

� �

�

��X
m�n���

h
e�i��S�f�

im h
e�i��S�g�

in
�nL ������

�see eq� �������� The angles can be obtained by using the commensurability of the lattice
�f� g� with the domain�

L� � lp f � l�q g

L� � l�p f � lq g ������
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where all coe�cients are integers and

lplq � l�pl
�
q � gL� ����
�

The boundary conditions in eq� ���

� give a �nite set of angles� One of them is

�� �
�

gL

�
lq�� � l�q�� � �lql

�
q�l

�
p � lp�

�

�� �
�

gL

�
�l�p�� � lp�� � �lpl

�
p�l

�
q � lq�

�
� ������

Finally from eq� ������ we get all values of �� ��

� � �� �
��

gL

�
lqn� � l�qn�

�

� � �� �
��

gL

�
�l�pn� � lpn�

�
� ������

A canonical set of integers can be �xed by the requirements

� 	
�
lqn� � l�qn�

�
� gL

� 	
�
�l�pn� � lpn�

�
� gL� ����
�

The wave function in eq� ������ is not normalized

Z
A
d�rj�����nL

j� �
��X

m�n���

����mnei	m���n��
 exp ���

�
jmf � ngj��� ������

There is a little mystery�

k���k� � �� ������

� Some theorems

There are some important theorems for electrons in presence of a static magnetic �eld�
They involve features of the system over large distances �low momentum�� in contrast with
other features �e�g� interaction with impurities� where the short distances involved are
pertinent for the high momentum�

��� Kohn�s theorem

This theorem ���� is very powerful� cyclotron resonance frequency �Landau splitting �h�c�
is not modi�ed by perturbation due to a translation invariant potential�

U �
Z
d�xd�yu�x� y��y�x��y�y���y���x�� ������
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We give some arguments about this theorem� If one excites the system by a radiofre�
quency �weak �eld�� the semiclassical approximation can be used� i�e� an oscillatory term
is added to the external electromagnetic potential �complex notation��

A 
 A�A	r


A	r
 � e�

�h�
��iEx � Ey� exp�i��t � kz� ������

This amounts to consider a perturbation of the formZ
d�rjA	r
 ������

�integration in dz implies some Ansatz on the z�part of the electron wave function� where
�in dimensionless quantities ji���e�h���m�����

jx �
�

�
f�� ip

�
�a� ay���y� � �y�� ip

�
�a� ay���g

jy �
�

�
f� �p

�
�a� ay���y� � �y�

�p
�
�a� ay���g� ������

�for small electromagnetic �eld�� Thus the typical operator is

�a �
Z
d�r�ya�� ����
�

Now we consider the operator

T �w� � exp�
�p
�
�wa� w�ay�� � exp�� i

�
w � r � �z�exp�w��� �w���� ������

and its second quantized equivalent

�T �w� � exp�
�p
�
�w�a� w��ay��� ������

which is gives
�T �w�� �T���w� � T �w��� ����
�

By using translation invariance

�T �w�U �T���w� � U ������

and

�T �w�H�
�T���w� �

Z
d�r�y�r�



�ay �

wp
�
��a�

w�

p
�
� �

�

�

�
�� ������

By di�erentiating respect to w� and putting w � � one gets

��ay� U � � � ������

��ay� H�� � ��ay� ���
��

Let j�i be the ground state of the Hamiltonian �with no radiofrequency�� then we get

H�ayj�i � ��H� �ay� � �ayH�j�i � �E � ���ayj�i� ���
��

Then the excited energy �cyclotron frequency� is not modi�ed by the interaction U �
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��� Larmor�s theorem

A similar theorem is valid also for the Zeeman splitting� the mutual interaction among the
electrons �if no spin�orbit potential is present� does not change the electron spin resonance�

The argument to prove this theorem is much similar to the previous discussion� one
consider a radiofrequency coupled to magnetic moment of the electrons�

g�B
��h�c

Z
d�r�y
x�B

	r
�t�� ���
��

The radiation magnetic �eld is small� Then the relevant matrix element at �rst order in
perturbation �time dependent� expansion is

h��j
Z
d�r�y
x�j�i ���

�

By using the invariance under spin rotations of H� and U one gets

�E � � E�h��j
Z
d�r�y
x�j�i � ��i
ph��j

Z
d�r�y
y�j�i� ���
��

Now� if we can relate the two matrix elements� e�g� by using rotation invariance under 
z
rotations �this is not always easy� mixed spin states and�or boundary conditions might
pose some problems��

�
z� 
x� � �i
y ���
��

Finally we get
E � � E � ��
p� ���

�

This tells that at low momentum the Zeeman splitting is not modi�ed by the interaction
among the electrons� In particular the Coulomb exchange energy cannot be detected by
Electron Spin Resonance experiment ��
� �in forward scattering experiments� If the mo�
mentum transfer is large� as in large angle scattering� then the exchange energy shows up�
See Ref� �����

� Boundary conditions

The boundary conditions is a nasty problem� the connection with experiments is somewhat
obscure� Periodic conditions� as on a torus� have troubles from interactions with copies� the
system on a sphere might have di�culties to crystallize in the triangular lattice �Wigner
crystal�� realistic conditions �as boundary external potential� are too di�cult from the
theoretical point of view�

If the electric �eld is present the situation gets worse� as we would like to illustrate here�
Let us start from far away� Current and electric �eld are related by

Ji � 
ijEj �
�
��

and the inverse
Ei � �ijJj� �
�
��
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If there is x� y symmetry then


xx � 
yy� 
xy � �
yx� �
�
��

Please notice that

xx �

�yy
��xx � ��xy

�
����

thus �xx � � implies 
xx � �� Moreover


xy � � �xy
��xx � ��xy

�
����

On the Hall plateaus one has �xx � �� therefore


xy � ����xy � �
����

In the Corbino geometry �disk� the longitudinal current and potential di�erence are
along a radius� The transverse quantities are not measured� The external potential is

given� Moreover from rotational symmetry

E� � ��rJr � ���J� � �� �
��
�

If we are sitting on a Hall plateau then

��� � � �� Jr � �� �
����

i�e� there is no longitudinal current� The argument should be valid also for a cylinder �axis
along y�� at the Hall plateau then

E� � � and ��� � � �� Jy � �� �
����

Thus on a torus the transport of an electron by L� increases the system energy by

eL� �E� �
��
�

To implement this by the boundary conditions we require �E � L����

S�L���
�� � ei�����

S�L���
�� � ei	���tL��E
��� �
����

where time is measured in units of ���c and

E �
e�E

�h�c
�
����

��� is used for the �eld � in presence of the electric �eld�� �� and �� are time independent�
We introduce the electric �eld by the scalar potential

A� � �E � r �
����

i�e�
H� 
 H� �

Z
d�r���yE � r���� �
����
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A Galilei transformation allows to go back to the static problem� De�ne

��� � S�iEt�T �E�exp�i��jEj�t��� �
����

With a little algebra one gets the original Schr odinger equation with E � � and boundary
conditions

S�Lj�� � S�Lj�S��iEt�T ��E�exp��i��jEj�t����
� exp�i�j��� �
����

In the Hall bar geometry� the current along x�axis is given and the potential dif�
ference is measured across y�axis� Thus

Jy � 
yxEx � 
yyEy � �� �
��
�

If we are on a Hall plateau
�xx � � �� 
xx � 
yy � � �
����

therefore
Ex � �� �
����

The transport along L� and L� does not require any mechanical work� Thus we can impose
the time independent boundary conditions

SL��
� � ei����

SL��
� � ei���� �
��
�

The current Jx is induced by some current generator along the x�axis �same direction as
L��� Thus the stationary state j��i satis�es

h��jjj��i � �Jx� �� �
����

�at least as mean value over the device�� where

j �
e

m
f�
�
��p��y� � �yp�� �

e

c
�yA�g� �
����

A is the potential for the magnetic �eld and for the small electric �eld introduced to drive
the current� Now we can go back to zero current case� by using the transformation

� � T ���� � it�E�exp�� i

�
jEj�t���� �
����

with Ex � � and

Ey � jAj
N

Jx� �
����

In fact we get the same boundary conditions as before� the current is zero� but the
Schro odinger equation contains a new term in the vector potential

A
 A� ctE� �
����

Finally the problem to be solved is that of a static system of many electrons in an external
electric on the plane and a magnetic �eld as usual�
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� Some phenomenology

For Quantum Hall E�ect� two devices have been used� Si�MOSFET and heterostructures
�e�g� junctions as AlxGa��xAs� GaAs�� In the �rst material Bloch�electrons have higher
mass as in the second ���� me versus ���
� me�� thus Landau splitting is smaller� Moreover
the mobility in the �rst material is at least a factor ten lower as in the second� Although
QHE started with MOSFET� most of recent experiments are done in heterojunctions� The
Hall resistance has a simple classical explanation� if we match Lorentz and electrostatic
force for electrons moving with drift velocity vx�

vx Bz � cEy� ������

The current is given by
jx � �eLy�vx ����
�

and therefore

RH � Vy
Jx

� � B

ec�
������

The Integer QuantumHall E�ect comes along if �f quantum levels are �lled with degeneracy

gL �
LxLyeB

hc
� ������

Homogeneity of the system gives then

� � �f
eB

hc
� ����
�

then from eq� ������

RH �
h

�fe�
������

with
h

e�
� ��� ������

 � ������

The Hall plateaus are along the classical line �we forget the sign�

RH

e�

h
�

Be

hc�
� ������

The scale of the magnetic �eld is

B� � ��
ch

e
� �������

thus the density at B � � gives the natural unit for the magnetic �eld ��Tesla � ���Gauss �
������� ���� cm���� By varying the magnetic �eld �usual precision !B�B � ������ the
Landau levels move on the energy axis and their degeneracy changes� If the number of
electron is �xed� then the transition between �lled levels states is continuous �de Haas�van
Alpen�� however� if the number of electrons is free� then the �lled levels are those with
energy lower then the chemical potential �this after a bunch of approximations� single
particle state� zero temperature� no impurities� in�nite reservoir� etc��� and the transition
is discontinuous� Please notice that the majority of experts prefer to keep the number of
electrons �xed and to account for the sudden variation in the number of charge carriers�
by localizing �or de�localizing� the electrons around the impurities of the material� For
our purposes the two descriptions are equivalent� in both cases a parameter has to be
introduced �the energy necessary to bring�in or to de�localize one electron��
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��� Plateaus shape� the spin problem

This simple model �free electron model� encounters here some di�culties� The �lling se�
quence� for decreasing magnetic �eld� is supposed to be � �� � � �� �� � � �� � �� ��
� � �� � �� � �� �� � � �� The transition from odd �lled plateaus to even �lled plateaus cor�
responds to complete �lling of a Landau level� However the spin splitting is much smaller
than the Landau splitting�

g�BB

��h�c
� ���
� ���� �������

therefore the odd �lled plateaus are expected to be much smaller than the even �lled ones�
This fact is contradicted by experiments �
� �see Fig� ��� The Coulomb interaction does
not cure the problem either� since the interaction �at the �rst non zero perturbation level�
leaves the gas of the up�spins independent from the gas of the down�spins� Only a ad hoc
energy contribution coming from the bulk can account ���� �together with the Coulomb
interaction� for the anomaly in the plateaus size� See Fig� 
� This bulk term describes the
electron reservoir as a bu�er of �nite capacity�

��� ESR

In this experiments the spin 	ip is induced in odd��lled plateaus by some radiofrequency
�up to ��GHz and several hundred mW in Ref� ��
��� Absorption of microwave is measured�
Since g � ����� then Larmor theorem gives �see section ��

!E � g�BB � ��GHz �������

at B � ��� ���Gauss� In fact an e�ective g�B� nL� is found

g�B� nL� � g� � c�nL �
�

�
�B �����
�

with typical values� g� � ����� and c � ������ ����Gauss���

The light di�usion experiment ���� reveals that the spin splitting is dependent from the
momentum transfer� See Fig� �� In the experiment �at �f � � and B � ���� ���Gauss�
the peak at E � ��meV is identi�ed with !E � �h�c� i�e� an inter Landau level transition
�q � ��� another interesting peak at E � ����meV is assigned to the transition � �
 � �
and numerically corresponds to a large exchange energy� as predicted by Kallin and Halperin
��
� at large momentum transfer q � �

�
�

��� Activation energies

There is some indirect way to get informations on the excitation energies of the system�
this is by measuring the dependence on the temperature T of the longitudinal part of the
conductivity tensor


xx �
�yy

��xx � ��xy
� �������
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A typical experiment is described in Ref� ����� where the dependence is measured at the
�lling factors �f � �� �� 
 �Integer case�� There �xy � h���fe

�� and �yy is in comparison
small� thus conductivity and resistivity behave the same� If !E �� kBT then the expected
behavior is


xx � 
� exp
�
� !E

�kBT

	
� �������

Plotting log 
xx versus ��T one expects a straight line yielding the two parameters 
� and
!E� See Fig� �� In the odd��lled plateaus the spin 	ip is supposed to be the mechanism
of excitation� while for even��lled one expects that inter Landau transitions are involved�
According to Kallin and Halperin ��
�� the exchange Coulomb energy gives a sizable con�
tribution �large momentum transfers are expected in the interaction electron�impurities��
The experiment shows that the law in eq� ������� is valid over a wide range of tempera�
tures� but !E is smaller than the theoretical prediction ���" of the theoretical �gures for
even��lled plateaus and only ��" for the odd��lled� where spin�	ip enters�� Typical values
are� !E �� ��� �K and !E �� �� �K respectively for even� and odd��lled plateaus�
Fig� ��

��� Tilted �eld

From eqs� ����� and ���
� it is clear that the Landau term depends from B� and the Pauli
term from B� This allows to perform two type of experiments which are crucial for the
TDE�

A� Coincidence experiments

Let us consider IQHE and parametrize the energy of the levels by �not so correct� see
later�

EnLs � �h�c�nL �
�

�
�� g�

�
s�BB �����
�

where �c contains B�� If we tilt the �eld by an angle � from the normal to the plane� then

B� � B cos � �������

and therefore two levels can coincide in energy for some particular value of �� e�g� nL� s � �
and nL ��� s � �� �Fig� ���� In this situation the two plateaus are expected to disappear
since the vanishing of the energy gap will increase the longitudinal resistivity �xx� This will
provide an experiment measurement of g� to be confronted with theory� The experiment
in Ref� ���� gives evidence of this e�ect �� � ���� �Fig� ���� Unfortunately the theoretical
analysis is di�cult both because the Coulomb energy has not been taken into account in
eq� �����
� and even more di�cult because the bulk e�ect is necessary in order to evaluate
the magnetic �eld at which the transition between two plateaus occurs�

B� New spin phase

In GaInAs� InP the e�ective g is ten times larger than in AlGaAs�GaAs� Thus it is
easy to increase the Pauli term in tilted �eld� perhaps to a point where the �lling sequence
is � �� � � �� �� � � �� � �� �� � � � �ferromagnetism� at variance with the alternate spin
�lling �paramagnetism�� Coulomb energy tends to favor this transition� since at the lowest
order the exchange energy for an ensemble of electrons is lower if all spins are in the same
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direction than in the alternate spin �lling� In this phase the coincidence of levels does not
occur� In Ref� ���� this phase transition is demonstrated experimentally�

C� Mixed spin states

At �f � � and high density the magnetic �eld is very large �see eq� �������� and
therefore the states are supposed to be formed with electrons with s � �� �Pauli term

goes with 
 B� while Coulomb with 
 B
�

�

��� Thus in devices where the density is low
we expect that the Pauli term will become small enough to allow mixed spin states� In
this situation a tilted �eld experiment could reveal the presence of spin up electrons� By
varying the angle the state changes and the energy gap with the excited states is expected
to vary also� thus a variation of �xx respect to tilting angle is to be found� In Ref� ���� this
e�ect is shown experimentally for �f � �

�
� �
�
��� � ��� ���� cm���� From theoretical point

of view this problem is very di�cult since nobody is able to construct mixed spin states�
practically�

��� �f �
�

�

The odd denominator rule �FQHE� is said to be understood� This self�assuring statement
���� is disturbed by a recurrent nightmare� the absent �f � �

�
plateau is investigated

regularly by some experimentalist� We mention some of them�

A� Direct search

The direct search of the �f � �
�
plateau has provided various false alarms� The more

recent investigation is a throughout study of the plateaus accumulating around that value
����� They are parametrized by

�f �
p

�p � �
� �������

Very close levels are detected ��f � ���� and ����� and moreover the activation energies are
measured by looking at the temperature dependence of �xx �see eq� ��������� No plateau
at �f � �

�
is found� but a very intriguing dependence of the activation energy from B is

found �Fig� ���� There are various theoretical speculations about these results ��
� ����

B� Double�Layer Electron System

Up to now we did not care about the z�direction� some potential well should be at work
with energy levels so far apart that only the lowest �with no nodes in the wave function
carrying z�dependence� is occupied� However also on this side some beautiful experiments
have been done� In Ref� ���� the pro�le of the potential well is modi�ed in such a way
that a double�layer �in the z�direction� is formed� In Ref� ��
� two wells are separated and
tunneling is used to couple the two layers� In both experiments a plateau with the �lling
factor �f � �

�
is detected �Fig� �
�� This requires particular values in the geometry of the

wells� The appearance of this plateau goes together with a rather anomalous behavior of
the IQHE� The theoretical explanations of this e�ect are somewhat involved� See Ref� ����
and the papers quoted therein�

C� Surface acoustic wave
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In the d�c experiments the static properties of the TDE system are investigated� The
use of surface acoustic waves �up to � GHz�� transmitted very close to the TDE �� ����#A��
allows the analysis of the dynamical properties� The amplitude and the velocity of the
outgoing wave are measured� The attenuation $ �amplitude 
 exp��$x�� and velocity can
be related by a simple model to the static conductivity 
xx� The experimental results ����
agree with the prediction of the model� in particular amplitude and velocity increase at
the Hall plateau� both in the IQHE and FQHE� There is a striking anomaly at �f � �

�

�and perhaps at �
�
�� where a sharp minimum both in amplitude and velocity is detected �in

contrast with the prediction of the model� that predicts an opposite behavior�� See Fig�
��� The anomaly decreases by increasing the temperature� This phenomenon has started
an intense theoretical analysis of the TDE state at this particular �lling factor �����

��	 Edge currents

Various theoretical speculations ���� 
�� suggest that the longitudinal current 	ows mostly
along the edges� Numerous experiments have been performed� but no de�nite conclusion
can be drawn �e�g� surface acoustic wave experiment favor a bulk current picture�� As
representative of this intense research we quote Ref� �
�� 
��� where the authors claim a
strong evidence for current�carrying edge states� See Fig� ���

��
 Wigner crystal

At low temperature and small �lling factor� a two dimensional electron system without
disorder is supposed to form a Wigner crystal �due to Coulomb interaction�� The transi�
tion from liquid to crystal is expected for �f 	 ���� The distinctive properties of a crystal
are many� e�g� resistance to sheer� Bragg scattering� temperature behavior of speci�c heat�
electric insulation� etc� Unfortunately many of these properties are out of range for ex�
periments� It has been suggested to measure the threshold voltage in the non linear I�V
plot� where the di�erential resistance drops o�� Moreover by increasing the temperature
an Insulating Phase shows a decreasing in the electrical resistance and the opposite is ex�
pected for a 	uid �which is supposed to be the phase at the Hall plateaus�� We quote two
experimental works where some evidence is given for Wigner crystallization� In Ref� �

�
the insulating phase is found around the plateau at �f � ���� where the resistance has very
high value �
 � ������ The temperature dependence is as described above �Fig� �
�� In
Ref� �
�� the same evidence is found around the plateau at �f � ��
 for a device where the
holes are the electric carriers �mass is � times larger and mobility is one order of magnitude
lower��

��� Photoluminescence

In a series of beautiful experiments the Stuttgart and Chernogolovka clubs have analysed
the optical properties of the TDE system� The radiative recombination of �D electrons with
photoexcited holes in a monolayer of acceptors has been studied� The trick of creating a
spatially separated layer �	 layer� of acceptors is used in order to avoid the masking e�ect of
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strong electron�hole correlation �excitons�� The experiment �see for instance Ref� �
��� Fig�
��� shows clearly the optical transitions to IQHE levels �Landau fan�� where� according to
Kohn%s theorem� the energies are in quanta of �h�c� and steps �in the excitation energies�
at various fractional �llings �FQHE�� Fig� �� �left��

In a recent paper �

� the group showed that time resolved luminescence measurements
allow to investigate the properties of liquid and solid phase independently and to derive a
phase diagram for the Wigner crystallization �the recombination time for electrons in the
pinned Wigner�solid phase is up to several orders of magnitude longer than for electrons in
the liquid phase�� Fig��� �right��

� Theorist�s side

In order to follow the common notation� we change the de�nition

z � x� iy
 z � x� iy �������

and correspondingly

ay �
�p
�

�
z�

�
� ��z

�

b �
�p
�

�
z�

�
� ��z

�
�������

�see eqs� ������� ��������

The IQHE seems to be understood� although �contrary to common belief� not in terms
of free electrons model� The basic approach is the Hartee�Fock approximation� together
with lowest order radiative corrections �in particular excitons energies� ��
�� Some problems
remain� particularly the low value of the measured activation energies �Sect� �� subsection
C� and the pro�le of the Hall resistance� odd �lled plateaus have strong anomalies ����
�Sect� �� subsection A��

The FQHE is a very di�cult problem� because any perturbative approach has to face
the high degeneracy �if all electrons� with �f � �� are in nL � � state� they have the
same unperturbed energy�� Various approaches have been attempted� Exact solutions
for small systems �N � ��� have been done� They are somewhat unreliable� because of
the very strong in	uence of boundary conditions �we think that it should be N � �����
Hartree�Fock calculations give rather high value for the total energy �for �f � ��
 one gets
EC�N � ���
��e������ to be compared with Laughlin state value of ������ and moreover
they cannot explain the odd denominator rule�

This section gives a brief account of the Laughlin Ansatz and of further developments�

��� Laughlin state

The Laughlin Ansatz concerns the wave function of a �hopefully� ground state jLi

�m � �p
N �
h�j��z�� � � ���zN�jLi� �������
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Let us assume that all spins are down and moreover that all electrons are in the lowest
Landau level� Then the ground state is a superposition of single particle states

jj� � � � jN i �
NY
i��

cyji j�i� �������

Where the operator cj destroys an electron described by a wave function given in eq� ����
�
with nb � j� Then the general form of �m is

�m � f�z�� � � � � zN� exp

�
��

�

NX
i��

jzij�
�
� �����
�

where f is an analytic function of zi �remember the change in notations given in eq� ��������
and moreover it should be antisymmetric �Fermi statistics�� Laughlin �
�� proposed

�m �
Y
i�j

�zi � zj�
m exp

�
��

�

NX
i��

jzij�
�
� �������

with m odd �not normalized�� For m � � f is just the Vandermonde determinant and
corresponds to �ll all the states j� � �� � � � � jN � N � � in eq� �������� This is the state
with �f � �� For m � � the calculation of the expectation value of a dynamical variable A
proceeds as follows

hLjAjLi � k�mk��
Z
d�z� � � � d�zN��mA�m� �������

Notice that
j�mj� � exp���Hcl�� �����
�

with

� �
�

m
and Hcl �

m

�

X
i

jzij� �m�
X
i�j

ln jzi � zjj� �������

Hcl describes a One Component Plasma �or jellium� in two dimensions of classical charges
m in a background with charge density


 � � �

��
!
r�

�
� � �

��
� �������

The evaluation of the mean value in eq� ������� is then equivalent to the problem of
the statistical mechanics of the classical OCP at temperature ���� In plasma physics the
important parameter is $ � e��� here $ � �m �try with a scale transformation � � ��� At
this point any method of classical statistical mechanics is good� classical Monte Carlo�
Langevin equation� hypernetted chain approximation� etc�� An amusing game can bring
you to surprisingly good results� The �ctitious particles will form a droplet �for high $ a
solid�� of radius R� which neutralizes the charge of the �in�nite� disk� Thus

R � �� m N�
�

� � �������

Then the density of the electrons is

� �
N

�R�
�

�

��m
�������
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Then the �lling factor is

�f � ��� �
�

m
�������

�here � � ��� Thus the Laughlin state describes a TDE system as a liquid �incompressible�
if the excited states are separated by a energy gap�� There is some problems� however� For
�nite N � the distribution in space of the droplet is not uniform� at the border the density
has some oscillations �
�� �in the variable r� and these oscillations are more pronounced for
high m� This problem �edge states� is far from been solved and the connection with the
edge excitations might be important� See Figs� �� and ��

The energy per particle has been evaluated with many methods and turns out to be
very low �in comparison with other proposed states�� For instance at m � 
 and for large
systems the energy is

EC�N � �����
e�

��
� �������

The Laughlin function describes states with �lling factor �f � ��m� Particle�hole symmetry
allows to use the function for �f � m��

m
�

��� Quasi�holes and quasi�electrons

Let us consider the wave function

�h �

�
NY
i��

zi

�Y
i�j

�zi � zj�
m exp

�
��

�

NX
i��

jzij�
�

�����
�

and use the trick of the OCP� This corresponds to a new classical hamiltonian

Hh
cl � �mX

i

ln jzij� m

�

X
i

jzij� �m�
X
i�j

ln jzi � zjj� �������

The new term describes a particle in the centre with �classical� charge �� This external
charge depletes an equal amount of charge� i�e� a region of area

	 �
�
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Since the density of the electrons is � � �����m� �see eq� ��������� the depleted true charge
�not the charge of the OCP� is �e�	 � �e�m� We conclude that the new function describes
a hole in the centre with charge

qh �
e

m
� �����
�

The process could be iterated by multiplying �h by

h��� �Y
i

�zi � ��� �������

Notice that
�h���� h�� ��� � �� �������

thus the quasi�holes are Bosons� They carry charge e�m if they are far apart�
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The construction of quasi�electrons is not so straightforward� Laughlin proposed

�e��
�� � exp

�
��

�

NX
i��

jzij�
��

NY
i��

��
�

�zi
� ���

�Y
i�j

�zi � zj�
m� �������

The interpretation of �e as a system of N electrons with a quasi�electron carrying charge
�e�m is not as simple as for the quasi�hole� See Ref� �
��� There the energy to create a
pair of quasi�hole and quasi�electron is estimated to be � ����e������ �Morf and Halperin
���� found ���e������ � ����K at B � ��� kGauss� a good value for the activation energy��
Also for quasi�electrons Bose statistics applies�

Other types of excited states have been considered �but always in the subspace nL � ��
by Girvin et al� ����� Z

d�r�y�r�S�ik���r�jLi� ����
��

These states are the projection on the nL � � subspace of

Z
d�r�y�r� exp�ik � r���r�jLi� ����
��

The last equation is reminiscent �in the usual Translations group� of the Single Mode
Excitations X

q

�cyq�k�cqjLi ����
��

where �cyq creates an electron with momentum q� The authors quote values of excitation
energy ranging from ��� to ���� in units e�������

��� Hierarchy and related

From the previous subsection we learned that �f � ��m �lling can be described by a
Laughlin state and that excited states can be constructed with charge �e�m� The idea of
hierarchy� introduced to explain the �f � p�q �llings� consists in the use of quasi�holes �or
quasi�electrons� as elementary objects� A similar procedure was used when we forgot the
lattice potential and considered the Bloch electrons as elementary� The price is generalized
statistics �anyons of Wilczek ������ Hierarchy has been introduced by various authors
��
� ��� ���� we follow the approach of Ref� �����

Jain ��
� has developed a scheme for the FQHE� which seems to describe better� than
the hierarchy model� the observed �lling factor sequence�

� Kubo formula or linear response theory

The fundamental tool for the theoretical discussion of the QHE is provided by the Kubo for�
mula ��
�� which gives the response function �BA� describing the variation of B in presence
of a perturbation �small� due to a force F coupled to a variable A

HF � H � A � F �t� �
��

�
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Thus

!B�t� �
Z t

��
�BA�t� t��F �t��dt�� �
��
��

This is based on linearity and causality�

By taking the Fourier transform of eq� �
��
�� we get the complex admittance �or general�
ized susceptibility�

!B��� � ����F ��� �
��
��

with
�BA��� � lim

����

Z �

�
�BA�t� exp ��i�t � �t�� �
��

�

We derive the response function� At t � �� the perturbation is o� and the system is
at equilibrium� i�e� ����� � ��� with

�H� ��� � � �
��
��

at any t
d�

dt
�

�

i�h
�HF � ��� �
��
��

Let !� � �� ��� then

d!�

dt
�

�

i�h
��H�!��� F �t��A�!��� F �t��A� ���� � �
��
��

In the limit of very small perturbation the second term is neglected and the equation can
be formally integrated

!��t� �
�

i�h

Z t

��
exp ��i�t� t��

H

�h
��A� ��� exp �i�t� t��

H

�h
�F �t��dt� �
�����

and �nally

!B�t� � tr�!��t�B� � � �

i�h
tr
Z t

��
�A� ���B�t� t��F �t��dt� �
�����

The response function is then

�BA�t� � � �

i�h
tr�A� ���B�t� �

�

i�h
tr�A�B�t����� �
�����

Notice that the evaluation of the response function is performed on the unperturbed

system �F �t� � ���

Sometimes the Kubo formula is given in the following notation �which should not be scar�
ing�� in the canonical ensemble ��� � exp���H��

�BA�t� � � �

i�h
tr
�
e��H

�
e�HAe��HB�t�� AB�t�

��
� tr��

Z �

�
d� &A��i�h��B�t�� �
���
�

In the zero temperature limit � 
� and for non degenerate ground state

lim
���

�BA�t� �
�

i�h
h�j�A�B�t��j�i� �
�����
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The conductivity tensor at � � � �static �eld� and � 
� is then


BA � lim
���

Z �

�
dte��t

�

i�h
h�j�A�B�t��j�i� �
�����

If the system consists of N electrons in presence of an electric �eld

HF � H � ��e�X
i

ri � E �
���
�

then
A � �e

Z
dr�yri� �
�����

for some i� The measured quantity is the current� Since

&x �
�

i�h
�x�H� �

�

m
�px �

e

c
Ax� � vx �
�����

one gets


ij �
�

A

e�

i�h

X
l

Z �

�
dte��t

�
h�jrjjlihljvij�ie� it

�h
	E��El
 � h�jvijlihljrjj�ie it

�h
	E��El


�
� �
�����

We use now

h�jrjjli�E� � El�
�

i�h
� h�jvjjli� �
�����

Finally the conductivity tensor is


ij �
�

A
�ie��h�

X
l ���

�

�E� � El��
�h�jvjjlihljvij�i � h�jvijlihljvjj�i� � �
�����

	�� Thouless 
 �

It is tempting to try to solve the FQHE by introducing an interaction which removes the
degeneracy of the Landau levels� Thus if the chemical potential is in a energy gap� there is
fractional �lling� The use of eq� ������ would yield plateaus at non�integer �lling� Thouless
et al� ���� proved that this hope is not justi�ed for a model of independent electrons in
an external periodic potential� The result has been generalized to the case of interacting
electrons ���� ���� with the main assumption that the ground state is non�degenerate�

In the proof of Thouless et al� it is assumed that the 	ux through the unit cell �a� b� is a
rational number in units of quantum 	ux� ' � abB e

ch
� p�q� Then one gets q energy bands�

The solution of the dynamical problem is given in terms of the functions �generalized Bloch
conditions for periodic potential� with � 	 k� � ���a and � 	 k� � ����qb��

uk�k� � �k�k� exp��ik�x� ik�y� �
�����

where uk�k� satisfy the usual boundary conditions given in eq� ������ and are eigenstates
of the Hamiltonian

�H�k�� k�� �
�

m


�
px � e

c
By � �hk�

��
� �py � �hk��

�

�
� u�x� y�� �
���
�
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The velocity is

vi �
�

�h

�

�ki
�H�k�� k��� �
�����

The Hall conductivity �eq� �
������ becomes


H �
ie�

A�h

X
����F

X
����F

��� � ���
��

�

�
�

�

�k�
�H

�
��

�
�

�k�
�H

�
��

�
�

�

�k�
�H

�
��

�
�

�k�
�H

�
��

��
� �

�
�����
Now consider �

�H�k�� k��� ��
�
u� � �� �
���
�

take the derivative and �nally the scalar product with u� �� u��

�
�

�k�
�H

�
��

� ��� � ���h�� �

�k�
�i � ��� � ���

Z
d�ru��

�

�k�
u�� �
�����

With this the conductivity in �
����� becomes


H � � ie�

A�h

X
����F

X
����F

fh�� ���ih�� ���i � h�� ���ih�� ���ig � �
�����

But h�� ���i � �h���� �i gives


H �
ie�

A�h

X
����F

X
����F

fh���� �ih�� ���i � h���� �ih�� ���ig � �
�����

A little algebra shows that the sum can be extended to all states


H �
ie�

A�h

X
������F

fh���� ���i � h���� ���ig � �
��
��

The sum over the states can be written as a sum over the �lled bands and the integral over
the wave vectors�


H �
ie�

��h

X

lledbands

Z
d�k fh���� ���i � h���� ���ig � �
��
��

The term in brackets is half the curl of

�i � h�� �i�i � h�i�� �i �
Z
d�r fu���iu� � �iu

�
�u�g � �
��
��

Then the Stokes theorem gives


H �
ie�

��h

XZ
dki

Z
d�r fu��iu� �iu

�ug � �
��

�

This quantity is in some sense gauge invariant� by changing

u
 exp�i��k�� k���u �
��
��
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H does not change� Moreover according to the authors one has

Z
dki

Z
d�r fu��iu� �iu

�ug � ��i� integer� �
��
��

The argument runs as follows� u is an analytic function of k�� k� �no band crossing�� Then
the following periodicity conditions must be valid �on the Brillouin zone�

u�k�� k� �
��

qb
� � exp�i��k���u�k�� k� � �� �
��

�

and

u�k� �
��

a
� k�� � exp�i��k���u�k� � �� k��� �
��
��

Then the integral is

Z
dki

Z
d�r fu��iu� �iu

�ug � �i

�
��

��

qb
�� ���� � ����� ��

��

a
��

�
�
��
��

The matching of the phases � and � on the border of the unit cell �k�space� imposes that
the term in brackets is an integer multiple of ��� Thus the Quantum Hall E�ect is always
integer� This theorem can be evaded if the ground state is degenerate�
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