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@ Introduction and motivations

@ Algebraic curve for strings in AdS, x CP3
© The folded string in AdS, x CP3
@ Short folded string

e Long folded string: A check
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Introduction and motivations

Introduction and motivations

Target: Computation of anomalous dimensions of operators
within AdS/CFT correspondence
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Introduction and motivations

Introduction and motivations

Target: Computation of anomalous dimensions of operators
within AdS/CFT correspondence

Standard computational tools:
# At weak coupling (A < 1): Ordinary quantum field perturbation theory
& Atstrong coupling (A 3> 1): Ordinary string perturbation theory
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Introduction and motivations

Introduction and motivations

Target: Computation of anomalous dimensions of operators
within AdS/CFT correspondence

Standard computational tools:
# At weak coupling (A < 1): Ordinary quantum field perturbation theory
& Atstrong coupling (A 3> 1): Ordinary string perturbation theory

Tools from Integrability: Y-systems and TBA
<> Valid in principle both for weak and strong coupling regimes
{ They include wrapping for “short” operators

CarloAlberto Ratti Energy of closed semi-classical short spinning strings from algebraic curve



Introduction and motivations

Main analytic results found for
& Long operators at weak and strong coupling
& Short operators at weak coupling
in N = 4 SYM and in ABJM (mostly in the s[(2) sector)
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Introduction and motivations

Main analytic results found for
& Long operators at weak and strong coupling
& Short operators at weak coupling
in N = 4 SYM and in ABJM (mostly in the s[(2) sector)

Problem:
Strong coupling regime for short strings (deeply quantum states)

@ Difficult with standard perturbative string techniques

(as expected...)

@ Difficult with the Y-system

(Y-functions with a more and more complicated analytic structure as A increases)
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Introduction and motivations

Semi-classical string methods (= algebraic curve):
A way to avoid all these problems
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Introduction and motivations

Semi-classical string methods (= algebraic curve):
A way to avoid all these problems

At X > 1 for string solutions depending on two charges S and J

S=S/Vx .
S~VA J~VA = {J:J/\/X fixed
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Introduction and motivations

Semi-classical string methods (= algebraic curve):
A way to avoid all these problems

At X > 1 for string solutions depending on two charges S and J

S~VA, JevA = {528/\5 fixed

J =J/VA
E = WER(S,JT) + E(S,J) + E(S,7) +
A
U. semi-clas
classical

from algebric curve
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Introduction and motivations

Semi-classical string methods (= algebraic curve):
A way to avoid all these problems

At X > 1 for string solutions depending on two charges S and J

S~VA, JevA = {528/\5 fixed

J =J/VA
E = WER(S,JT) + E(S,J) + E(S,7) +
A
U. semi-clas
classical

from algebric curve

In the short string regime S, J ~ 1 = re-expansion for S, 7 < 1:

E = Mia + tea +
o f
Eo (Eo, E1)

= Short strings available through semi-classical algebraic curve!
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Introduction and motivations

Simplest operator to study:

Konishi operator +— folded string spinning

in AdS; x S'
v N
spin S ang. mom. J
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Introduction and motivations

Simplest operator to study:
folded string spinning
in AdS; x S'
v N

spin S ang. mom. J

Konishi operator +—

Duality valid both in

@ N =4SYM

Algebraic curve studied in —  [Gromov, Serban, Shenderovich, Volin 1102.1040
Gromov, Valatka 1109.6305]

@ ABJM
Algebraic curve studied in — [Beccaria, Macorini, CR, Valatka 1203.3852]
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Introduction and motivations

Simplest operator to study:
folded string spinning
in AdS; x S'
v N

spin S ang. mom. J

Konishi operator +—

Duality valid both in

@ N =4SYM

Algebraic curve studied in —  [Gromoyv, Serban, Shenderovich, Volin 1102.1040
Gromov, Valatka 1109.6305]

@ ABJM
Algebraic curve studied in — [Beccaria, Macorini, CR, Valatka 1203.3852]
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Algebraic curve for strings in AdSy X cpPs

Algebraic curve for strings in AdS, x CP3: overview

[Gromov, Vieira 0807.0437]
@ Algebraic curve in AdS; x CP®: Rieman surface with 10 sheets

9 > 9%
i = JAd84
= § 34 IEEE
s SREH ISR

I SIS o S YR & |©
G _~7% S °
:. z B
o 2
o % :|AdSa
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Algebraic curve for strings in AdSy X cpPs

Algebraic curve for strings in AdS, x CP3: overview

[Gromov, Vieira 0807.0437]
@ Algebraic curve in AdS; x CP®: Rieman surface with 10 sheets

% > S50
i = JAd84
o0 1 T P
=R RER

95— 3;; SLAESIVIY & |©
G _~7% S °
:. z s
o 2
o % :|AdSa

@ Each sheet is described by a quasi-momentum g;(x) (i=1,...,10)
—— Logs of the eigenvalues of the monodromy matrix
— Only 2 independent (g1 (x) and gz(x)): gi(x) = —g11—i(x), etc ...
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Algebraic curve for strings in AdSy X cpPs

Algebraic curve for strings in AdS, x CP3: overview

[Gromov, Vieira 0807.0437]
@ Algebraic curve in AdS; x CP®: Rieman surface with 10 sheets

2 X3
$

JAd84

A~ IARAA

s~ AL A A
st~

FOVSNNAAA

9.

s~ AHALA~RALO

:|AdSA

@ Each sheet is described by a quasi-momentum g;(x) (i

=1,...,10)
—— Logs of the eigenvalues of the monodromy matrix
— Only 2 independent (g1 (x) and gz(x)): gi(x) = —g11—i(x), etc ...
@ Physical polarizations associated with couples of sheets
| AdS4 Fermions Ccp®
heavy (1,10)(2,9)(1,9) (1,7)(1,8)(2,7)(2,8) 3,7

light (1,5)(1,6)(2,5)(2,6) (3, 5)(3,(6)(4), 5)(4,6)
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Algebraic curve for strings in AdSy X cpPs

@ Cuts and poles connecting pair of sheets
@ Different classical string solution = different cuts (and limy_, o gi(x))
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Algebraic curve for strings in AdSy X cpPs

@ Cuts and poles connecting pair of sheets
@ Different classical string solution = different cuts (and limy_, o gi(x))

Semi-Classical quantization:

@ Add extra-poles connecting the physical sheets
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Algebraic curve for strings in AdSy X cpPs

@ Cuts and poles connecting pair of sheets
@ Different classical string solution = different cuts (and limy_, o gi(x))

Semi-Classical quantization:

@ Add extra-poles connecting the physical sheets
@ Admit fluctuations in the classical quasi-momenta:
qi(x) = qi(x) + 6qi(x)
@ 4qi(x) < fluctuation frequencies €2 ;(x) on each polarization (, j)
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Algebraic curve for strings in AdSy X cpPs

@ Cuts and poles connecting pair of sheets
@ Different classical string solution = different cuts (and limy_, o gi(x))

Semi-Classical quantization:

@ Add extra-poles connecting the physical sheets
@ Admit fluctuations in the classical quasi-momenta:
qi(x) = qi(x) +6qi(x)
@ 4qi(x) < fluctuation frequencies €2 ;(x) on each polarization (, j)
@ Position of the poles x(; ) qi(xi;)) — Qi(X(i,)) = 2mn < mode number n
@ Q) (x(,) = on-shell fluctuation frequencies
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Algebraic curve for strings in AdSy X cpPs

@ Cuts and poles connecting pair of sheets
@ Different classical string solution = different cuts (and limy_, o gi(x))

Semi-Classical quantization:

@ Add extra-poles connecting the physical sheets
@ Admit fluctuations in the classical quasi-momenta:
qi(x) = qi(x) +6qi(x)
@ 4qi(x) < fluctuation frequencies €2 ;(x) on each polarization (, j)
@ Position of the poles x(; ) qi(xi;)) — Qi(X(i,)) = 2mn < mode number n
@ Q) (x(,) = on- sheII fluctuatlon frequencies

E = Z Z )11 (X()

n=—oo

- 2#/% Z Qij(x) Oxlogsin <q,(x);q,(x)>

(i5))
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Algebraic curve for strings in AdSy X cpPs

@ Integral representation for Ej:
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Algebraic curve for strings in AdSy X cpPs

@ Integral representation for E;:
by deforming the contour
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Algebraic curve for strings in AdSy X cpPs

@ Integral representation for E;: ' '
by deforming the contour: E; = Efressmg + E[TPPTE E?“"maly

Dressing
Wrapping
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Algebraic curve for strings in AdSy X cpPs

’ ,
dressing _\F ax (, j) / [q/(X) - CI/(X)]
E; D L T
wrappin, ! ax
E}PPINE Z(_UF;,- 27”9(:,/)( ) Bxlog(1 — e (@)= ()
()
anoma! ax i j : q(x) - Q(X)
E ly _ QUid) I A AV /A i)
1 "somez”(i/) cuts 2mi (X) ax o 2
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The folded string in AdS, x CP3

The folded string in AdS; x CP®

Classical string solution: folded string moving in AdS; x S'

@ Classical charges: S, J

_ mab+1 & &
s = F {bE<1—E>—a]K<1—E)]
_ m _a 2 _
J = wa<1 ) (@—1) (b2 1)
m ab—1 & a

@ m — number of folds
In what follows m = 1 (see [Beccaria, CR, Tseytlin] for m # 1)
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The folded string in AdS, x CP3

@ Branching points a, b +— oscillatory frequencies + string extension
@ Quasimomenta

a1(x)

f(x)

= " {‘J (1(1)(11—)()_ f(—1)1<1+x))+
4 (b—a)? (b—a)(a+x)
" 7 (atb)(a—x)(atx) [(x—a)K( (b+a)2 )+ +25n< (at+b)(x—a)

= Vx—avx+ay\/x—br/x+b

®G(x)=2rT

(b—a) .
(b+a)?

X2 —1

@(X)=—aq1(1/x)  aq(x) =as(x)  gr—i(x) = —aqi(x)
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The folded string in AdS, x CP3

@ Branching points a, b +— oscillatory frequencies + string extension
@ Quasimomenta

a1(x)

f(x)

= " {‘J (f(1)(11—x)‘ f(—1)1<1+x))+
4 (b—a)? (b—a)(a+x)
" 7 (atb)(a—x)(atx) [(x—a)K( (b+a)2 )+ +25n( (at+b)(x—a)

= Vx—avx+ay\/x—br/x+b

@G(x) =2rT

(b—a) o
(b+a)?

X2 —1
R(x)=—q(1/x) @) =al)  q-i(x)=-qG(x)

J
POO- 00—y -
R b
S
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The folded string in AdS, x CP3

@ Independent physical frequencies

Q1 10(x) = ab2—1 (1 — Xz(i)1>

Q37 (X) =

@ Dependent frequencies

Q15(X) = 1/2 Q4 10(X)

Qos(x) = —us(1/x) + Q15(0)
Qs5(X) :Q45(X) = 1/2 Qs7(X)

Qgg(X) = 2 st(X)

Qig(x) = Qis(x) + Qos(x)
Q7(x) = Qs(x) = Qus(x) + Qus(x)
Qo7(x) = Qos(x) = Qos(x) + Qus(x)

Qis(x) = Qis(x) i=1,2,3,4
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Short folded string

Short string (1)

Short string: S — 0.
In relation with 7: Two possibilities

1) S—0atfixed? & J—-0
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Short folded string

Short string (1)

Short string: S — 0.
In relation with 7: Two possibilities

1) S—0atfixed? & J—-0

log(2) ¢(3) log(2) 2
1 2 1 9 3T
E4 = (_74_ + +7( =4 )_17_;_
73 3¢(8) , 45¢(5) 1, 3log(2) S
( 16 128 2 8 ) )
1 log(2) 1._38¢0)
3 2 1 16 4 1 7 69((3) 165¢(5) _ 27 , log(2)

2
+3 g0 (- 1550 H5L0)SBLT) 1 28 tog(2)) +-++ ) 82 + O(5?)
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Short folded string

Short string (1)

Short string: S — 0.
In relation with 7: Two possibilities

1) S—0atfixed? & J—-0

log(2)— ¢(3) log(2) 2
1 2 1 9 3T
Eq = (—?4— + +J( 78"'72_7)_176'*'
73 3¢(8) , 45¢(5) 1, 3log(2)
( 16 128 2 8 ) ) S

69¢(3 165¢(5 log(2
ST (SR g )

2
+3 g0 (- 1550 H5L0) SN 1 28 tog(2)) +-+- ) S2 + O(S?)

o Leading terms: O(S*/7%¢) vs O(S¥/T# ") inN =4
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Short folded string

Short string (1)

Short string: S — 0.
In relation with 7: Two possibilities

1) S—0atfixed? & J—-0

69¢(3 165¢(5 log(2
S (SR g )

2
+3 g0 (- 1550 HL0)SBLT) 1 28 tog(2)) +-++ ) 82 + O(S?)

o Leading terms: O(S¥/7%¢) vs O(S¥/T# ") inN =4

e Even and odd powers of J vs only oddtermsin N =4
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Short folded string

Short string (1)

Short string: S — 0.
In relation with 7: Two possibilities

1) S—0atfixed? & J—-0

Iog(2)—l 3 2
— 1 2 1 <), 1 log(2) 3J

o Leading terms: O(S¥/7%¢) vs O(S¥/T* ) inN =4
e Even and odd powers of J vs only oddtermsin N =4

e Terms proportional to log(2) vs nosuchtermsin N =4
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Short folded string

Origin of the differences:

@ Dressing
dressing 1 dressing
JEABJM - é N=4
— s (72+2) cotn—1 (\/:;7:+1+.7) ~ ; P
73(72+1) 7 273(72+1)
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Short folded string

Origin of the differences:

@ Dressing
JEdressing o 1 dressing
ABJM - é N=4
(72+2) cotn—1 (\/ .72+1+.7)
= 3 372 - ! +0(8°)
73(72+1) 7 273(72+1)
. anomaly (1,10) (1,5)
° Anomaly' JEAB M 6Eanomaly + Eanomaly
(1,10) _ anoma]y
5Eanomaly - 5E
= 1 sy|-27t155%4a 2 S240(s%)
27 (T2+1) 1673(72+1)%/2 mjsm
(1,5) LS 2
SE S — TN

anomaly 32 j3 m
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Short folded string

@ Wrapping: analytic expression only up to O(S)

SEY rapping  _ s s #449(82)
ABIM =— ==
Zn o wrapplng n=—o0 , (J2+1)(32+n2)
~ 7‘762 e=™J 4... as J—00
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Short folded string

@ Wrapping: analytic expression only up to O(S)

5Ewrapping — sy on _ o ¢+O(52)
ABJM =— i ==
an oo _ wrapping n=—o0 , (J2+1)(32+n2)
~ 7‘762 e=™J 4... as J—00

2 4 6 8
n=0 — 1 — 1 1_37 5T 357 637"
o g F——=".5t1 " J6 T 55 — heg T &z T
wrapping 2 72 /2+1 272 ' 4 16 32 256 512

Even powers of J
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Short folded string

@ Wrapping: analytic expression only up to O(S)

5E“ rapping _ s _s oo (—1)" +O 52
ABIM an_oo wrapping n=—oco , (J2+1)(J2+n2) (89)
~ 7‘7‘432 eI ... as J— o0
=0 1 _ 372 SJ4 3578 | 6378
- =L +i-3 5 +87 ..
wrapp/ng 5 _72 J2+1 232 256 512
Even powers of J
n#0 _ log(2) 3¢@) |09( ) 3 (3¢(3) | 45¢(5) | 3log(2)
Zn;go awrapp/ng - T +7 (7 8 ) +T ( 28 T8 )+

9¢(3) _ 45¢(5) _ 815¢(7) _ 5!
+~75(_ S - e - T - D19())"'0(‘76)

All the irrational terms (in particular the log(2) ones )
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Short folded string

@ Wrapping: analytic expression only up to O(S)

SEVEPPINE  _ e, s\ [ G ) +0(8?%)
ABJM =— i ==
an oo _ wrapping n=—o0 , (J2+1)(32+n2)
~ 7‘762 e=™J 4... as J—00

2 4 6 8
n=0 — 1 — 1 1_37 5T 357 637"
o g F——=".5t1 " J6 T 55 — heg T &z T
wrapping 2 72 /2+1 272 ' 4 16 32 256 512

Even powers of J

n#0 _ log(2) 3¢(3) _log(2) 3 (3¢(3) , 45¢(5) , 3log(2)
Zn;go awrapp/ng - T +7 (7 8 T2 )+‘7 ( 6 T8 T8 )+
5 9¢(3 45¢(5 315¢(7, 5log(2 6
+7 (‘%‘Tﬁs)_ oo - 16())+O(‘7 )

All the irrational terms (in particular the log(2) ones )

SENPP — 0(S52) = Crucial difference for the slope
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Short folded string

Slope function: for S < 1 in the sl(2) sector of N' =4 SYM
[Basso 1109.3154]

E J+ay(N)S+ 0(S?)

f o YA s (V)

J (V)

ay(A) =
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Short folded string

Slope function: for S < 1 in the sl(2) sector of N' =4 SYM
[Basso 1109.3154]

E = J+aN)S+0(S%)
_ VA L1 (VA)

@ Valid at any coupling A

@ Derived from ABA equations <= no contribution from wrapping!
[Gromov 1205.0018, Basso 1205.0054]
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Short folded string

Slope function: for S < 1 in the sl(2) sector of N' =4 SYM
[Basso 1109.3154]

E = J+aN)S+0(S%)
_ VA L1 (VA)

@ Valid at any coupling A

@ Derived from ABA equations <= no contribution from wrapping!
[Gromov 1205.0018, Basso 1205.0054]

In ABJM:

@ Inclusion of the interpolating h function: vx — 2rh(N/k)

@ At strong coupling (but also at weak): wrapping contributes to the slope!

E; (i, J) _ sg.10 + 6 Erapoing

anomaly

o(J)

= lim
S—0

No general formula for the ABJM slope
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Short folded string

Short string (II)

2) S — 0 with p = J/+/S fixed

’
E = —5CpS)+anlp) VS + ari(p) S¥2 + 0(S%?)
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Short folded string

Short string (II)

2) S — 0 with p = J/+/S fixed

1
Er = —§C(P,3)+ao1(P)\/§+ ar,1(p) S*2 + 0(8%?)
ai ,0(,0) _ 2 log(2)—1

24/p242
Iog(2)(2p4+6p2+3) o4 12502416 3(p2+3)g(3)
a - p? 4250 _
11(p) 4(p2+2)3/2 +16(p2+2)3/2 84/ p2+2
Clp,s) - VEuemn,

- 1—ab

_ o 203150 0 (12 08168 p*+126 p2+73) 2

= 1= “ 12082 S 22572 S
V22 4(p°+2) 32 (p=+2)
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Short folded string

Prediction for short states:

@ trading (S, J) with (S, J)
@ expanding E = Eg + E; atlarge A
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Short folded string

Prediction for short states:

@ trading (S, J) with (S, J)
@ expanding E = Eg + E; atlarge A

1 V258 [(JWJ+1) 38S 1 1
_ 2, /506 _ 4 -
B = (4m9) V2 S5+ 7z ( 4s 8 42 '09(2)>

2, /55, VeS (S 38 1)
= @mo) Ve St gy <4S+ g )"
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Short folded string

Prediction for short states:

@ trading (S, J) with (S, J)
@ expanding E = Eg + E; atlarge A

_ 2, /08— 'Y _ _ 42
B = (4m9) "VeS— otz \ Tas T8 Tt

1. /28 (J(J+1) 38 1 1Iog(2)>+

2, /55, VeS (S 38 1)
= @mo) Ve St gy <4S+ g )"

— S-free term due to the presence of C
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Short folded string

@ Relation with short limit (I): by expanding at large p? = J2/S

_ ] 4 1,3 5,3% 6
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Short folded string

@ Relation with short limit (I): by expanding at large p? = J2/S

_ ] 4 1,3 5,3% 6

@ The "C-issue”: GM summation prescription [Gromov, Mikhaylov 0807.4897]
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Short folded string

@ Relation with short limit (I): by expanding at large p? = J2/S

_ ] 4 1,3 5,3% 6

@ The "C-issue”: GM summation prescription [Gromov, Mikhaylov 0807.4897]

- S ez
Ei = Kn Kn =
n=1 wheay ng27
Ko = (-1)PC +K,
N\
—C+C—-CH+C+--- convergent O(S) sum
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Short folded string

@ Relation with short limit (I): by expanding at large p? = J2/S

__1 P
E1+O(S) = E <1 27,02—‘[_47;74 T/ﬁ+16p8 W"‘

VPP +2

@ The "C-issue”: GM summation prescription [Gromov, Mikhaylov 0807.4897]

> 1.3 5 3 63

- S ez
Ei = Kn Kn =
n=1 wheay ng27
Ko = (-1)PC +K
N\
—C+C—-CH+C+--- convergent O(S) sum

Why —1C ? Arbitrary but:

e Coherent with the results from the integral representation
o Necessary to match with ABA (long string S > 1 limit)
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Long folded string: A check

Long string

Large S limit with 7 = £ log (\;%)
+

In N =4 SYM
[Gromov, Serban, Shenderovich, Volin 1102.1040]
AdS, AdS 8wS AdS, A%
E7™ = fj;°(£) log (%124_1) + iy )+ ———— + -
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Long folded string: A check

Long string

Large S limit with 7 = £ log (\7%)
+

In N =4 SYM
[Gromov, Serban, Shenderovich, Volin 1102.1040]
8 7('8 AdS CAdS5
EAd85 _ fAdss og( )+f 5(¢ 4+ 4.
f (0)1og { o= ) + 175 () oo (322)
Ve
fAdss ‘\/£2+1+2 £2+1 Iog(1—2 ) 22+2) Iog(ﬁ —1

2 =
0 © wa/ €241
2 (|og< ([2“) > +24/ €241 cot™ (\/52+1 )+2com—1 (\/22+1 ) 22001_1(2))

AdS5 _
" ma/ €241
AdSs _ P

@ 12 (£2+1)
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Long folded string: A check

@ Wrapping — exponentially suppressed
@ Dressing — fio(£), fi1(£)
@ Anomaly — fio(£), f11(£), c(£)
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Long folded string: A check

@ Wrapping — exponentially suppressed
@ Dressing — fio(£), fi1(£)
@ Anomaly — fio(£), f11(£), c(£)

The same pattern valid in ABJM
From the integral representation (coherent with the —% choice)

1
) = )
1
e = S0
CAdS4 (Z) - 9 CAdS5 (Z)
Expected !!

From the analysis of the central charge ( o« # massless modes) of the low energy effective theory

at finite chemical potential £

Energy of closed semi-classical short spinning strings from algebraic curve
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Long folded string: A check

Summary:

@ Algebraic curve — good to explore semi-classical string behavior
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Long folded string: A check

Summary:

@ Algebraic curve — good to explore semi-classical string behavior
@ Strong relation between N' = 4 and ABJM
@ Short folded string in AdSs; x CP® «— short operators
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Long folded string: A check

Summary:

@ Algebraic curve — good to explore semi-classical string behavior

@ Strong relation between N' = 4 and ABJM

@ Short folded string in AdSs; x CP® «— short operators

@ ... but the long string limit is available as well (and useful for checks)
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Long folded string: A check

Summary:

@ Algebraic curve — good to explore semi-classical string behavior

@ Strong relation between N' = 4 and ABJM

@ Short folded string in AdSs; x CP® «— short operators

@ ... but the long string limit is available as well (and useful for checks)

Prediction for short states at strong coupling in ABJM

E— (4ng)2 TS—%+ V28 (J(J+1) 3S 1

1
Grg) 2 \ 48 +8_4+2'°9(2)>+”'

Ready to be tested with TBA techniques

CarloAlberto Ratti Energy of closed semi-classical short spinning strings from algebraic curve



	Introduction and motivations
	Algebraic curve for strings in AdS4 CP3
	The folded string in AdS4 CP3
	Short folded string
	Long folded string: A check

