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Topological States of Matter

-

Quantum degrees of freedom organize themselves into
robust emergent macroscopic states.

Topological order: new quantum order not based on
SSB , gapped in the bulk, gapless edge
excitations.

Fractionalization: QHE: quasiparticles carry only a
fraction of the unit charge of the electron;

charge-spin separation: the electron is fractionalized
Into, chargeon (holon) carrying charges degrees of
freedom and spinon carrying spin degrees of freedom;
relevant for high-7, cuprates

Low energy effective theories are topological field J
theories: background independent, ground state
degeneracy: quasiparticles have fractional statistics.... ... ...
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2D Chern-Simons action describes incompressible
guantum Hall fluids and their edge excitations; PT
breaking

Recently new topological phases of matter with
time-reversal symmetry have been discovered

. topological
Insulators

Topological insulators are materials insulating in the
bulk but support conducting edge excitations; can exist
also in 3D ; exp.
observed in 2D and 3D

3D, weak and strong topological insulators; strong:
topologically non-trivial, protected metallic surface

Which is the topological field theory that describes this J
new phase of matter? Topological BF action
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Excitations over top. ground states described by
conserved matter currents : 2D j,, x €,,,0,b, = Charge

matter current, b, U(1) gauge field.

Topological field theory at low energy:

S = = [ d®x byeuadyba, CS action, PT breaking,

but S = 3~ [ 3z auewadibs PT invariant if a,, is a vector;
mixed Chern-Simons, U(1) x U(1) .

Natural generalization: j,, o €,,,30,0,3 Charge
fluctuations; ¢,,, o €,,030-,a3 Magnetic fluctuations.
Low energy theory:

Spp = % fd4£lf bweumﬁ(%aﬁ , BF action ,

gauge invariance: J
ay, — ay +0uE 0y — by + Oy — Oumy
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® St = Spr+ [d [(@f@f + @fof) +
(ﬁgo2 -+ gg,%giz)}
1

® where: f,, = 0uay — 0vay; gu = G€uwaBIvas
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where: fu, = 0ua, — 0vay; 9y = 7€4aB89vas:

[e?] = mY the Maxwell term is marginal and

co-determines the IR behavior; [¢?] = m? the kinetic
term for the Kalb-Ramond field act as an UV regulator
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Sty = Spr + [ d*x [(ﬁfiﬁ + @fof) +
(ﬁgf T ﬁ%ﬂ}
_ 1

where: fu, = 0ua, — 0vay; 9y = 7€4aB89vas:

[e?] = mY the Maxwell term is marginal and

co-determines the IR behavior; [¢?] = m? the kinetic
term for the Kalb-Ramond field act as an UV regulator

Topological mass m = ’%gz—ﬁ, It plays the role of the
gap characterizing topological states of matter

PT Invariant; ground state degeneracy; provides a
generalization of fractional statistics to 3D J
, supports edges excitations
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# What are A and n? Coupling to an external e.m. field
ieju,A,, induced action: S(A) = [ d*z3 {1E2 1B2}

® c— % electric permittivity; ;. = » magnetic permeability
® Add a T-breaking term: i¢p¢**'F,, , F,, = 0,A, — 0, A,

0 - 9
S(A) — S(A) +/d4x1é _F, P = S(A) +/d4xZ—E B,
70

472
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167

. 0
_F,, P = S(A) +/d4xZ—E B,

S(A) — S(A) + / d*z g

0 = @ T-invariance of the partition function = Dirac
quantlzatlon condition ¢ = integer
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€ = % electric permittivity; ;. = n magnetic permeability
Add a T-breaking term: i¢p¢p"”'F,, , Fj, = 0,A, — 0, A,
i

o

-~ 10
~F FF :S(A)Jr/d‘leE B,

S(A) — S(A) + / d*x

0 = @ T-invariance of the partition function = Dirac

quantlzatlon condition % = integer

This term is present in strong topological insulators; it
describes magnetoelectric polarizability.
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What are A and »? Coupling to an external e.m. field
ieju,A,, induced action: S(A) = [ d*z3 HEQ + %Bz}

€ = % electric permittivity; ;. = n magnetic permeability
Add a T-breaking term: i¢p¢p"”'F,, , Fj, = 0,A, — 0, A,
i

o

. 0
_F,, P = S(A) +/d4xZ—E B,

S(A) — S(A) + / d*z g

0 = @ T-invariance of the partition function = Dirac
quantlzatlon condition % = integer

This term is present in strong topological insulators; it
describes magnetoelectric polarizability. J

The model describes strong topological insulator
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spin = massive vector with two degrees of freedom.
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3D description of fractionalization
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# A massive spin 1/2 particle in 3D is characterized by
three degrees of freedom: 1 scalar charge + 2 massive
spin = massive vector with two degrees of freedom.

#® Massive vectors from SSB carry three degrees of
freedom

#® BF mechanism describe a vector particle in 3D with a
gauge invariant mass: two helicity degrees of freedom,
iIdeal candidates to describe spin fields.

# Charge fields must be described by a single scalar
degree of freedom; in 3D described by antisymmetric
gauge potential b, with gauge invariance under the
transformations: b, — b, + 0,m, — Oun,

o |

Cortona. Maaaio 2012 — p. 8/18



Phases of BF moddl in (3+1) dimensions
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® U(1) x U(1) gauge symmetry = the dual field strengths
contain singularities

» chargeons (electric topological defects): world-line
described by a (singular) current .J, and coupling
ikayJ,

» spinons (magnetic topological defects):

world-surfaces described by a (singular) 2-form
current ¢, and coupling: kb, ®,,,,,.
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Phases of BF moddl in (3+1) dimensions
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® U(1) x U(1) gauge symmetry = the dual field strengths
contain singularities

» chargeons (electric topological defects): world-line
described by a (singular) current .J, and coupling
ikayJ,

» spinons (magnetic topological defects):

world-surfaces described by a (singular) 2-form
current ¢, and coupling: kb, ®,,,,,.

# Chargeons and spinons are represented as topological
guasi-particle excitations of charge and spin gauge
fields that arise due to the compactness of the
corresponding gauge groups mediating the emergent
gauge.
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# The phase structure is determined by the condensation
(lack of) of topological defects

# T = 0 quantum phase structure (o« =ml > O(1), [ =
lattice spacing):

k‘22 2

® > , it < Iz; chargeons condensation phase —
top. superconductor

s Intermediate regime; no condensation — top.

Insulator
K ’“2 : TS 62; spinons condensation phase —

top. conflnement
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# In conventional superconductors, photons acquire a
mass through SSB. What is the corresponding effective
action in topological superconductors?
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confinement phase?

# Need to compute the effective electromagnetic action
Induced by the condensation of the topological defects:
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In conventional superconductors, photons acquire a
mass through SSB. What is the corresponding effective
action in topological superconductors?

What is the fate of the photon in the topological
confinement phase?

Need to compute the effective electromagnetic action
Induced by the condensation of the topological defects:

S — S+ [drieA,j, +idFdu  A=n=1

Julia-Toulouse mechanism

. the condensation of topological defects
In solid state media generates new hydrodynamical
modes for the low-energy effective theory

These new modes are the long wavelength fluctuations J

of the continuous distribution of topological defects that
aet nromoted to a contintiotis two-form antisvmmeLric. oo . 11



Char geons condensation phase
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#® Spinons are diluted; chargeons get promoted to a
continuous two-form antisymmetric field B,,,:

. 1
ngfs — /d4513 1k B/WGMV&@F&@ -+ Z ,LWF,LW

- H,uya H,uua

12A2
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Char geons condensation phase

-

Spinons are diluted; chargeons get promoted to a
continuous two-form antisymmetric field B,,,:

. 1
Sg;fs — /d4513 1k B,uue,uyaﬁFaﬁ -+ Z ,LWF,LW

1
—l_mHuyaHuua

A Is a new mass scale describing, essentially, the
average density of the condensed charges

This action describes a topologically massive photon
with quantized mass m = 4rkA = no SSB

Mass arises as a consequence of guantum mechanical
condensation of topological excitations: mechanism of J
topological superconductivity
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#® Spinons get promoted to a continuous two-form:
Seit = J d*v [3353 (Buw — Fuw) €uapFap
+i (Buv — Fuv) (Buw — Fuv) + ﬁHﬁwaHMW}’
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o Spinons get promoted to a continuous two-form:

= [d'z [3592 w — Fuw) EuvaﬁFaﬁ
+411 (Buv = Fuw) (B — Fuw) + 12A2 HMV&HMVOJ

® reabsorbed F),,: B,, — B, + F,,
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Spinons get promoted to a continuous two-form:

= [d'z [3592 w — Fuw) EuvaﬁFaﬁ
+411 (Buv = Fuw) (B — Fuw) + 12A2 HMV&HMVOJ

reabsorbed F),,: B, — By, + Fl

B, becomes massive (m = A), the Stlickelberg
mechanism , no SSB

Wilson loop: W (C') =< exp i [, dx"* A, > — Stlc. mech.
— W(S) =< expi [,dzt Ndx" B, >
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Spinons condensation phase

-

Spinons get promoted to a continuous two-form:

SeTHC = [d'z [35% (Buv = Fuv) €uaplag

+i (Buv - Fpu/) (Buv - F,LW) T ﬁHﬁwana}’
reabsorbed F),,: B, — By, + Fl

B, becomes massive (m = A), the Stlickelberg
mechanism , no SSB

Wilson loop: W (C') =< exp i [, dx"* A, > — Stlc. mech.
— W(S) =< expi [,dzt Ndx" B, >

The mass term for the Kalb-Ramond fields gives:
W(C) = exp (—TA(S)) ,T ox A

Area-law = linear potential between charges:
topological matter with a compact BF term can realize J
U(1) confinement via the Stuckelberg mechanism.
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# 3 marginal term can still be added: b,,0,,,, b, f,., and
b,uyeluuozﬁbozﬁ to St
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# 3 marginal term can still be added: b,,,0,,,, b, f,., and
buueuuaﬁbaﬁ to St

# these terms, taken one by one, break the gauge
Invariance; however:

4 Zkz (9
S = d”x 29 b,ul/ =+ A kf €Cuvap ozﬁ —|_ faﬁ

A2 k? v 0
T a A0 by by
T2 (“ R )(“ T R )]

IS gauge invariant if

41k
L buy — by + 0uny — Oy, ay — ay — 777”. J
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® Absorb f,, Into b,,:
4 ( w2
S = d h @bﬂyeuyaﬁbaﬁ ‘|‘ mbuybuy+

(

16—7'(' b,LLI/E,uvozﬁFaﬁ + ibﬂyq)NV]
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® Absorb f,, Into b,,:

: 2
4 l @
S — /d ZT [@buyquyaﬁbaﬁ —‘r mbuybﬂy—‘l—

7
167

# [ falls completely out of the action and is replaced by
the factor 6 /x, that takes over the role of charge unit.

b,LLVE,LWOzﬁFaﬁ + ibuy@uy]
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® Absorb f,, Into b,,:

: 2
4 l @
S — /d ZT [@buyquyaﬁbaﬁ —‘r mbuybﬂy—‘l—

7
167

# [ falls completely out of the action and is replaced by
the factor 6 /x, that takes over the role of charge unit.

bﬂyeuyaﬁFaﬁ + ibuy@uy]

# The original gauge symmetry appears as broken; the
scalar longitudinal polarization "eats up" two transverse
polarizations: a, and b, merge into a single massive
tensor, 3 degrees of freedom. J
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® ¢, and b, merge into a single massive tensor =
chargeons and spinons merge into a unique string-like
guasi-particle excitation.
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® ¢, and b, merge into a single massive tensor =

chargeons and spinons merge into a unique string-like
guasi-particle excitation.

# Induced electromagnetic action:

1 i0 -
Sefr = / d'z 1oz P Fuw + 55 P 14

7T

2T

A -
/d4xz(9/W)A Oy P + 7TF oM
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® ¢, and b,, merge Iinto a single massive tensor =
chargeons and spinons merge into a unique string-like
guasi-particle excitation.

# Induced electromagnetic action:
g 1 i =
Sef = [ d°x 102 5 Pl + T —— b F

7T

A ~
/d4xz(9/W)A Oy P + 7TF oM

2T

# The closed boundaries of the open surfaces represent
the world-lines of composite chargeon-spinon
fluctuations: charge /7, current J, = (1/2m)0,®,,.
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# in the relevant limit of well-defined boundary term when

removing the UV cutoff, at large distances Sgp
becomes:

dx,, d .
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where x(7) parametrize the boundary of the surface
and mg Is the renormalized mass of the particle;
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In the relevant limit of well-defined boundary term when
removing the UV cutoff, at large distances Sgp

becomes:

dx, d .
Sqp = ms fys dry/ e g — ilry .
where x(7) parametrize the boundary of the surface
and mg Is the renormalized mass of the particle;

Compute the induced action for ¢,,: Sop

v represents the (signed) self-intersection number of
the world-surface.

If ¢ /7 = 1 this topological term is just another
representation of the spin factor of a point particle with
spin 1/2 ( ). In this confinement phase
chargeons and spinons recombine into a single particIeJ
with charge 1 and spin 1/2.

Cortona. Maaaio 2012 — p. 17/18



Conclusions

- -

o Topological matter is characterized by the presence of a
topological BF term in its long-distance effective action
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BF mechanism describes fractionalization in (3+1)
dimensions

The quantum phase structure is governed by three
parameters that drive the condensation of fractionalized
guasi-particles: the BF coupling, the electric permittivity
and the magnetic permeability of the material

3 possible phases: topological superconductor,
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Conclusions

-

Topological matter is characterized by the presence of a
topological BF term in its long-distance effective action

BF mechanism describes fractionalization in (3+1)
dimensions

The quantum phase structure is governed by three
parameters that drive the condensation of fractionalized
guasi-particles: the BF coupling, the electric permittivity
and the magnetic permeability of the material

3 possible phases: topological superconductor,
topological insulator and charge confinement

No SSB, photon acquires a topological mass through
the BF mechanism or it becomes a massive
antisymmetric tensor via the Stuckelberg mechanism J
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