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Topological field theories and their physical
implication

kQ

Magnetic field (T)

Figure: Resistance measurements for IQHE and FQHE
Scs = % fd3xe“”pAN8VAp

[8 X. G. Wen, Adv. Phys 44, 1995 (QHE)
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Figure: Band structure of BirSe; (ARPES)

[§ Bernevig and Zhang, Phys. Rev. Lett 96, 2006 (TI)
[§ Cho and Moore, Annals Phys. 326, 2011 (TI)

[§ Diamantini et al, Nucl. Phys B, 1995 (Superconductivity)



The classical theory

The classical action

S= /M d*xe" P F oy Byo

Fu = 0,A, — 0,A,
[Ald =1, [Buw]=2

[§ Birmigham et al., Phys. Rept., 209, 1991
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The classical theory

The classical action

S= /M d*xe" P F oy Byo

Fu = 0,A, — 0,A,
[Ald =1, [Buw]=2

[§ Birmigham et al., Phys. Rept., 209, 1991

Symmetries

MA, =—-9,0 A, =0
sMB,, =0,

@B, = —(0upy —
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The classical theory

We need to fix the gauge

1. Axial gauge:

A3 = Bj3 =0,

i=0,1,2
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The classical theory

We need to fix the gauge
1. Axial gauge:
As = Bj3 =0, i=0,1,2

2. We fix the gauge by adding to S the term

ng = / d4X(bA3 + diB;3)
M
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The classical theory four-dimensional

BF theory with a
planar boundary

We need to fix the gauge A. Amoretti

1. Axial gauge:

A3 - BI3 = O) I — O, 1, 2 The classical
theory and the
gauge-fixing

2. We fix the gauge by adding to S the term
Sy = / d*x(bAs + d'Bj3)
M
3. The residual gauge invariance and the Ward identities:

Oidy + 033 +93b=0
. . 1 .
ang,vj + 33.]'33,-3 + 583d’ =0.




The boundary x3 =0
The Symanzik’'s method

1. Locality:
L~ 0" (x3)f(xi, x3)

[§ K. Symanzik, Nucl. Phys B 190, 1981
& S. Emery and O. Piguet Helv. Phys. Acta, 64, 1991

The
four-dimensional
BF theory with a
planar boundary

A. Amoretti

The introduction
of the boundary




The boundary x3 =0
The Symanzik’'s method

1. Locality:
L~ 0" (x3)f(xi, x3)

2. Separability:

Aag(x,x") = 0(x3)0(x3) A 4g + 0(—x3)0(—x3) A 4g
AAB(X,X/) =0 if X3Xé <0

[§ K. Symanzik, Nucl. Phys B 190, 1981
& S. Emery and O. Piguet Helv. Phys. Acta, 64, 1991
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The boundary x3 =0
The Symanzik’'s method

1. Locality:
L~ 0" (x3)f(xi, x3)

2. Separability:

Aag(x,x") = 0(x3)0(x3) A 4g + 0(—x3)0(—x3) A 4g
AAB(X,X/) =0 if X3Xé <0

[§ K. Symanzik, Nucl. Phys B 190, 1981
& S. Emery and O. Piguet Helv. Phys. Acta, 64, 1991

The boundary Lagrangian

Ly =0(x3) [a?leijka,'AjAk + agA,'Bi + %%A,—Ai
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The boundary x3 =0
The boundary conditions

1. The equations of motion with a boundary term for Al
and B":
9B = —5(x®) a1 (8;Ak) T + a22B'T + a3mA™T]

ko3 A = 325(X3)e"jkA2'
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The boundary x3 =0
The boundary conditions

1. The equations of motion with a boundary term for A/
and B':

9B = —5(x®) a1 (8;Ak) T + a22B'T + a3mA™T]
ko3 A = 325(X3)e"jkA2'
2. The algebraic system for the fields on the boundary:

1+ ag)BH' = —ale"jkajA? — a3mA'T
(1 — ag)A;r =0
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The boundary x3 =0
The boundary conditions
1. The equations of motion with a boundary term for Al
and B":

9B = —5(x®) a1 (8;Ak) T + a22B'T + a3mA™T]
ko3 A = 325(X3)e"jkA2'

2. The algebraic system for the fields on the boundary:

1+ ag)BH' = —ale"jkajA? — a3mA'T

(1 — ag)A;r =0

3. The only acceptable boundary condition is:

Bit — _ M 4it
2
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The Ward identities and the boundary algebra
The integrated broken Ward identities:

[, dxa0iJi; = 9;B™*

o) ijka. 1. _— _ _ijkg. At
f_oo dx3€"*0;Jg = —€"*O;A]
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The Ward identities and the boundary algebra
The integrated broken Ward identities:

[, dxa0iJi; = 9;B™*

o) ijka. 1. _— _ _ijkg. At
f_oo dx3€"*0;Jg = —€"*O;A]

The boundary algebra

6(X = X') = 98, i (X', X)
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The Ward identities and the boundary algebra four-dimensional
BF theory with a
planar boundary

The integrated broken Ward identities:
A. Amoretti

[, dxa0iJi; = 9;B™*

o) ijka. 1. _— _ _ijkg. At
f_oo dx3€"*0;Jg = —€"*O;A]

The boundary algebra

The physics on
the boundary

90B(X = X') = 0iA p i (X', X)

[BYF(X), Ag(X)]t=e = 038P (X’ — X)
[BY*(X), B (X)e=e = 0
[AF(X), A (X" )]e=r = 0

[§ A.P. Balachandran et al., Mod.Phys.Lett. A8, 1993
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The dlmenSIonal redUCtlon four—di-l!-nheensional
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The new fields and their symmetries

A. Amoretti
1. - B )
0B =0 B+ — dikoyc,
ek OAL =0 AF = 9N
2.
dN\ = const .
The physics on
5Cf == 619 the boundary

The boundary condition and the duality relation

i am _; A— D i ;
k¢ = —=—0'N = vm = ;¢ = d'N
2 G — v/mG




The dimensional reduction

The canonical commutation relation for the new fields

[NX), €056, (XN e=er = P (X = X')
[€7¢5(X), BAX ) emer = 576 (X — X')
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The dimensional reduction

The canonical commutation relation for the new fields

[NX), €056, (XN e=er = P (X = X')
[€7¢5(X), BAX ) emer = 576 (X — X')

The conjugate variables and the boundary Lagrangian

1. xg~ AN po ~ 6’878/3C7
x12~ Pz pra~ 05N
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The dimensional reduction

The canonical commutation relation for the new fields

[NX), €056, (XN e=er = P (X = X')
[€7¢5(X), BAX ) emer = 576 (X — X')

The conjugate variables and the boundary Lagrangian

1. xg~ AN po ~ 6’878/3C7
x12~ Pz pra~ 05N

,C:Zp,')'(,'—H:

€500 Cs0eM + DuNeP D5 — %(eaﬁaagﬂ)z _ %(aa/\)2
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The physics on the boundary

The duality relation and massless fermionic fields

2D) i\ + ;¢ =0 = 3D) €k oi¢, = A
Iy J

[§ H. Aratyn, Phys.Rev., 1983
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The physics on the boundary

The duality relation and massless fermionic fields

2D) i\ + ;¢ =0 = 3D) €k oi¢, = A
Iy J

[§ H. Aratyn, Phys.Rev., 1983

The boundary Lagrangian

1 1
L= e*P0,Ca0:\ + 0oNeP Do — E(eaﬁaaggf - 5(8“/\)2

[§ G. Cho and J. E. Moore, Annals Phys. 326, 2011
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1. The physics on the boundary is expressed in terms of a
gauge field and a scalar field

2. The only acceptable boundary condition implies massless
fermionic fields
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1. The physics on the boundary is expressed in terms of a
gauge field and a scalar field

2. The only acceptable boundary condition implies massless
fermionic fields

3. There are three pairs of canonical variables on the
boundary
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M A. P. Balachandran et al., Mod.Phys.Lett. A8, 1993
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1. The physics on the boundary is expressed in terms of a
gauge field and a scalar field

2. The only acceptable boundary condition implies massless
fermionic fields

3. There are three pairs of canonical variables on the
boundary
4. Contacts:

M A. P. Balachandran et al., Mod.Phys.Lett. A8, 1993

Conclusions

[ G. Cho and J. E. Moore, Annals Phys. 326, 2011
5. Future developments:

- Non-abelian extension

- The five-dimensional BF model with a boundary
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