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Motivations

String Theory (ST) ⊃ ∞ massive HS: ϕµ1...µs1 ; ν1...νs2 ; ...
.

Important for:

Planar duality, open-closed duality, modular invariance

Soft high energy behaviour of the amplitudes

Deeper understanding of ST: geometry, quantum DoF,. . .

Tantalizing idea: ST ≡ ”broken fase” of HS gauge theory
[Gross; Sundborg; Sezgin-Sundell; Klebanov-Polyakov; Bianchi-Morales-Samtleben; Bianchi-Riccioni;. . . ]

Many challenges to theoretical physics:

∞-dimensional HS gauge symmetries (∞ HS) [Vasiliev]

Vasiliev’s system in AdS4
dual←→free theory

[Sezgin-Sundell; Klebanov-Polyakov; Giombi-Yin]
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No-go & yes-go results

No-go:

Massless HS in flat space

No long-range interactions [Weinberg]

No minimal coupling to gravity [Weinberg-Witten; Porrati; Aragone-Deser]

No HS generators: G = P ⊕ g [Coleman-Mandula]

Massive HS in flat space

Unphysical DoF and loss of causality [Fierz-Pauli; Velo-Zwanziger]

Yes-go:

Massless HS

”Minimal-like” interactions avaible in (A)dS [Fradkin-Vasiliev]

Vasiliev system: ∞ symmetric HS [Vasiliev]

Higher-derivative cubic vertices in flat space (light-cone) [Metsaev]

Massive HS ∈ Metsaev ⊃ ST
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HS in flat space

1 Metric-like approach: generalization of gµν [Singh-Hagen; Fronsdal; Fang-Fronsdal]

2 Frame-like approach: generalization of (ea, ωab) [Vasiliev]

1 Massive & massless spin-s: [Dirac; Fierz-Pauli]

(�−m2)ϕµ1...µs = 0 mass-shell

∂µ1 ϕµ1...µs = 0 P → SO(d − 1)

ηµ1µ2 ϕµ1...µs = 0 irreducibility

ϕµ1...µs ∼ ϕµ1...µs + ∂(µ1
εµ2...µs) P → SO(d − 2)

Massive: Lagrangians involves extra fields [Singh-Hagen]

Massless: natural generalizations of s = 1, 2: [Fronsdal; Fang-Fronsdal]

�ϕµ1...µs − (∂µ1∂ ·ϕµ2...µs + . . .) + (∂µ1∂µ2ϕ
′

µ3...µs
+ . . .) = 0

with constraints: ε′µ1...µs−3
= 0 , ϕ′′

µ1...µs−4
= 0 (Lagrangian)
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HS in flat space

Unconstrained: extra fields [Buchbinder-Pashnev-Tsulaia; Francia-Mourad-Sagnotti]

Generating function: ϕ(x , u) =
∑

∞

s=0
1
s! ϕµ1...µs (x) u

µ1 · · · uµs

Divergence

∂u ·∂x ϕ(x , u) =
∑

∞

s=0
1

(s−1)! ∂
µsϕµsµ1...µs−1(x) u

µ1 · · · uµs−1

Trace

∂2
u ϕ(x , u) =

∑
∞

s=0
1

(s−2)! ϕ
′
µ1...µs−2(x) u

µ1 · · · uµs−2

Gradient

u ·∂x ϕ(x , u) =
∑

∞

s=0
1
s! ∂(µ1

ϕµ2...µs+1)(x) u
µ1 · · · uµs+1
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Ambient-space formalism for HS in (A)dS

R
1,d : ds2Amb = ηMN dXM dXN η = (−,+, . . . ,+)

de Sitter: X 2 = L2

Anti se Sitter: X 2 = −L2

Ambient-space HS: Φ(X ,U) =
(
R
L

)∆h ϕ(x , u) [Fronsdal; Metsaev; Biswas-Siegel,. . . ]

Homogeneity: X ·∂X Φ = ∆h Φ X = (R , x)

Tangentiality: X ·∂U Φ = 0 U = (v , u)
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Ambient-space formalism for HS in (A)dS

Action in ambient space: S (2)
Amb ∼

∫
∞

0 Rd+2(s−µ−3) S
(2)

(A)dS

S
(2)
Amb ∼

∫
∞

0 d d+1X Φ·∂2
X Φ+ . . .

S
(2)

(A)dS =
∫
ddx ϕ·(�(A)ds −m2

µ)ϕ+ . . .

Diverging factor from the radial integral:

Remove it introducing δ(R − L) (total-derivative terms 6= 0)

Work with commuting ∂XM (great simplification wrt ∇x)

δ(0) Φ = U ·∂X E depends on ∆h = U ·∂U − 2− µ [Joung-LL-Taronna]

Massless: µ = 0, X ·∂U E = 0, δ(0) Φ = U ·∂X E

Massive: µ /∈ {0, . . . , s − 1}, E = 0, no gauge sym.

Partially-massless (only dS): µ ∈ {0, . . . , s − 1},

E = (U ·∂X )µΩ , X ·∂U Ω = 0 , δ(0) Φ = (U ·∂X )µ+1Ω
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HS cubic interactions

Noether procedure: [Berends-Burgers-Van Dam;. . . ]

Deformation of free system: S = S (2) + S (3) + S (4) + . . .

Deformation of gauge sym.: δϕ = δ(0) ϕ
︸ ︷︷ ︸

u·∂xε

+δ(1) ϕ+ δ(2) ϕ+ . . .

Gauge invariance δ S = 0→ find a solution order by order

δ(0) S (2) = 0

δ(0) S (3) + δ(1) S (2)

︸ ︷︷ ︸

≈0

= 0→ Cubic δ(0) S (3) ≈ 0

. . .

TT part: light-cone ⊂ TT ⊂”Full” [Manvelyan-Mkrtchyan-Ruehl; Sagnotti-Taronna]

S (3) = S
(3)

TTϕ
+ rest

δ(0) S (3) = [δ(0) S
(3)

TTϕ
]TTϕ,ε+rest + [δ(0) rest]rest ≈ 0

Indipendent Nother procedure [δ(0) S
(3)

TT ]TT ≈ 0
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Massless HS cubic interactions in flat-space

Cubic action [Manvelyan-Mkrtchyan-Ruehl; Sagnotti-Taronna; Joung-Taronna]

S (3) ∼
∫
C (∂u1 , ∂u2 , ∂u3 ; ∂x1 , ∂x2 , ∂x3)ϕ(x1, u1)ϕ(x2, u2)ϕ(x3, u3)|xi=x

ui=0

∼
∫
C (yi , zi )ϕ(x1, u1)ϕ(x2, u2)ϕ(x3, u3)|xi=x

ui=0

Parity-preserving invariants: yi = ∂ui · ∂xi+1 , zi = ∂ui+1 · ∂ui−1 [i ≃ i + 3]

Ex: ∂νϕµ1µ2∂
ρ1ϕ µ1µ2ρ2

ν ϕρ1ρ2 ↔ C = ∂u2 ·∂x1 ∂u3 ·∂x2 (∂u1 ·∂u2)2 ∂u2 ·∂u3
Gauge invariance

δ(0)

1 S (3) ∼
∫

[C (y , z) , u1 ·∂x ]
︸ ︷︷ ︸

(y3 ∂z2−y2 ∂z3 )C(y ,z)

ε(x1, u1)ϕ(x2, u2)ϕ(x3, u3)|xi=x

ui=0

(yi ∂zi+1 − yi+1 ∂zi+1)C (y , z) = 0 [i ≃ i + 3]

General solution: C = K(y1, y2, y3, g) g = y1 z1 + y2 z2 + y3 z3
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HS cubic interactions in (A)dS

Cubic action in (A)dS [Joung-Taronna; Joung-LL-Taronna; Vasiliev]

S (3) ∼
∫
δ(
√
ǫX 2 − L)C ( 1

L
,Y ,Z ) Φ(X1,U1) Φ(X2,U2) Φ(X3,U3)|Xi=X

Ui=0

Massless [δ(
√
ǫX 2 − L) ∂XM = − δ̂

L
δ(
√
ǫX 2 − L)XM ]

δ(0)S (3) ∼
∫
δ(
√
ǫX 2 − L) [C ( 1

L
,Y ,Z ) , U1 · ∂X1 ]E1Φ2Φ3

[

Y2∂Z3 − Y3∂Z2 +
δ̂
L

(
Y2∂Y2 − Y3∂Y3 − µ2−µ3

2

)
∂Y1

]

C (δ̂;Y ,Z ) = 0

Partially-massless

δ(0)S (3) ∼
∫
δ(
√
ǫX 2 − L) [C ( 1

L
,Y ,Z ) , (U1 · ∂X1)

µ1+1] Ω1Φ2Φ3

∏µ1
n=0

[

Y2∂Z3 − Y3∂Z2

+ δ̂
L

(

Y2∂Y2 − Y3∂Y3 − µ1+µ2−µ3−2 n
2

)

∂Y1

]

C (δ̂;Y ,Z ) = 0
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Massive & massless cubic interactions in (A)dS

Generating functions of all massive & massless HS couplings:

3 massive C = K(Y1,Y2,Y3,Z1,Z2,Z3)

2 massive (µ2 = µ3) & 1 massless C = K(Ỹ1, Ỹ2, Ỹ3,Z1, G̃ )

2 massive (µ2 6= µ3) & 1 massless C = K(Y2,Y3,Z1, H̃2, H̃3)

1 massive (µ3 6= 0) & 2 massless C = K(Y3, H̃1, H̃2, H̃3)

3 massless C = K(Ỹ1, Ỹ2, Ỹ3, G̃ )

Ỹi = Yi + αi ∂Ui
· ∂X

G̃ =
∑

i (Yi + βi ∂Ui
· ∂X )Zi

H̃i = Yi+1 (Yi−1 − ∂X · ∂Ui−1
)− 1

2 ∂X · (∂Xi
− ∂Xi+1

− ∂Xi−1
)Zi

α1 = α , α2 = − 1
α+1 , α3 = −α+1

α

β1 = β , β2 = −β+1
α+1 , α3 = −α−β

α

Flat-space limit (XM → XM + L N̂M , L→∞): Metsaev’s results
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Summary & outlook

Consistency conditions→ PDE for cubic vertices

Massive & massless: generating functions

Partially-massless: fixed spins

Stückelberg formulation & massless limit

First Regge trajectory of bosonic string:

K ∼ exp[i
√
2α′ (y1 + y2 + y3) + z1 + z2 + z3] [Taronna; Sagnotti-Taronna]

Taylor coefficients ∪ spectrum = consistent couplings

Relation to ST properties and AdS counterpart

Fermions and mixed-symmetry fields

Deformations of HS gauge algebra

AdS/CFT computations
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